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Abstract
We construct a homotopy theoretic setup for homology decompositions of classifying spaces of
p-compact groups. This setup is then used to obtain a subgroup decomposition for p-compact groups
which generalizes the subgroup decomposition with respect to p-stubborn subgroups for a compact Lie
group constructed by Jackowski, McClure and Oliver.
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Homology decompositions are among the most useful tools in the study of the homotopy
theory of classifying spaces. Roughly speaking, a homology decomposition for a space X, with
respect to some homology theory h∗, is a recipe for gluing together spaces, desirably of a sim-
pler homotopy type, such that the resulting space maps into X by a map which induces an
h∗-isomorphism.
When constructing a homology decomposition for a classifying space of a group G, it is nat-
ural to do so using classifying spaces of subgroups of G. For compact Lie groups two types
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492 N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534of mod-p homology decompositions are known: the centralizer decomposition with respect to
elementary abelian p-subgroups, due to Jackowski and McClure [10], and the subgroup decom-
position with respect to certain families of p-toral subgroups, due to Jackowski, McClure and
Oliver [11].
A p-compact group is an Fp-finite loop space X (i.e., a loop space whose mod-p homology
is finite), whose classifying space BX is p-complete in the sense of [1]. These objects, defined
by Dwyer and Wilkerson [6], and extensively studied by them and others, are a far reaching
homotopy theoretic generalization of compact Lie groups and their classifying spaces. Dwyer
and Wilkerson also introduced in [7] a centralizer decomposition with respect to elementary
abelian p-subgroups for p-compact groups, which generalizes the corresponding decomposi-
tion for compact Lie groups. The aim of this paper is to construct a subgroup decomposition
for p-compact groups, analogous to the subgroup decomposition for compact Lie groups intro-
duced by Jackowski, McClure and Oliver in [11]. We will in fact show that in the right setup, the
Dwyer–Wilkerson theorem about existence of a centralizer decomposition for p-compact groups,
with respect to their elementary abelian p-subgroups, implies the existence of subgroup decom-
positions with respect to certain other families of subgroups. Interestingly, as we will show, the
opposite implication holds as well. More detail will be given shortly.
We start by explaining some of the concepts involved. A homomorphism between p-compact
groups is a pointed map α :BY → BX. A subgroup of a p-compact group X is a pair (Y,α)
where Y is a p-compact group and α :BY → BX is a monomorphism, namely, a pointed map
whose homotopy fibre is Fp-finite. The phrase “(Y,α) is a subgroup of X” will frequently be
abbreviated by Y α X. A p-compact torus is a topological group of type K(A,1), where A
is isomorphic to a finite product of copies of the p-adic integers, i.e. the p-completion of an
ordinary torus. A p-compact toral group is a group containing a p-compact torus as a normal sub-
group with p-power index. Every p-compact group admits a distinguished family of p-compact
toral subgroups (S, ι), which are maximal in the sense that if (P,β) is any other p-compact toral
subgroup of X, then there exists a map f :BP → BS, such that ι ◦ f  β . Any such subgroup
will be called a Sylow subgroup of X (see Definition A.7 and the following discussion).
For any p-compact group X, we consider two categories: the orbit category O(X) and the
fusion category F(X). The objects in both categories are given by all subgroups (Y,α) of X.
A morphism (Y,α) → (Y ′, α′) in O(X) is a homotopy class of maps h :BY → BY ′ such that
α′ ◦ h  α, whereas in F(X) such a morphism is a pointed homotopy class of a homomorphism
f :BY → BY ′ such that α′ ◦ f is freely homotopic to α.
For any p-compact group X, we consider certain full subcategories ofO(X) andF(X), where
the objects are restricted to particular collections of subgroups, defined by certain properties:
• A subgroup Y α X is said to be centric if the homotopy fibre of the natural map
α# : Map(BY,BY)id → Map(BY,BX)α
is weakly contractible.
• A p-compact toral subgroup Y α X of a p-compact group X is said to be radical if it is
centric and if AutO(X)(Y,α) is finite and contains no normal non-trivial p-subgroup (i.e.,
it is finite and p-reduced).
This notion of a radical subgroup does not coincide with the classical one in the context of
finite groups, where one does not require the subgroup to be centric. When π0(X) is a p-group,
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subgroup by the condition that the homotopy fibre of α# is homotopically discrete. However,
with this weaker condition one can prove that every radical subgroup is in fact centric, and so
one does not lose any generality by making the centricity requirement. For a p-compact group X,
we denote by Ocp(X) and Orp(X), the full subcategories of O(X) whose objects are the centric
and radical p-compact toral subgroups, respectively. Similar notation will be used for the fusion
category. These categories are not generally small, but have small skeletal subcategories (see
Proposition 2.6), so defining limits and colimits over them makes sense. Let C be a family of
subgroups of X closed under conjugation and denote by OC(X) the full subcategory of O(X)
whose objects are those subgroups in C.
Let Sp denote the category of spaces, and hoSp its homotopy category. For any category D
and a space Y , let Y :D→ Sp denote the constant functor with value Y . We are now ready to
state our main theorem.
Theorem A. Let X be a p-compact group and C a collection of centric p-compact toral sub-
groups which contains all radical p-compact toral subgroups. Then, there exists a functor
Φ :OC(X) → Sp and a natural transformation η :Φ → BX such that, for each object (P,α),
Φ(P,α)  BP , η(P,α)  α and, for each morphism [h] in OC(X), Φ([h])  h. Furthermore,
the map induced by η
hocolim
OC(X)
Φ → BX
is a mod-p homology equivalence.
The strategy for proving Theorem A is based on two auxiliary results, Theorems C and D,
which might be of independent interest. These are stated below, and are shown to imply Theo-
rem A.
Let π : Sp → hoSp denote the obvious projection functor. For any p-compact group X, there
are functors
φ :O(X) → hoSp and ψ :F(X)op → hoSp,
defined as follows. The functor φ sends a subgroup (Y,α) to BY and any morphism to the
respective homotopy class. The functor ψ takes a subgroup (Y,α) to the mapping space
Map(BY,BX)α and a morphism to the homotopy class of the map induced by any representative.
For a subgroup (Y,α) of X, we denote Map(BY,BX)α by BCX(Y,α) or BCX(Y ) for short, if
no ambiguity can arise. The associated loop space CX(Y ) is called the centralizer of (Y,α) in X.
Dwyer and Wilkerson showed in [6, Propositions 5.1, 5.2] that if (P,α) is a p-compact toral
subgroup of X, then CX(P ) is a p-compact group and that the evaluation map BCX(P ) ev−→ BX
is a monomorphism. Thus, the pair (CX(P ), ev) is a subgroup of X.
If C is a collection of p-compact toral subgroups of a p-compact group X, then we denote by
OC(X) and FC(X) the full subcategories of O(X) and F(X), whose objects are the subgroups
in C. We denote by
φC :OC(X) → hoSp and ψC :FC(X)op → hoSp,
the restriction of φ and ψ to the respective full subcategories.
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functor φ is a pair (Φ,γ ), where Φ :O(X) → Sp is a functor and γ is a natural isomorphism
of functors π ◦Φ γ−→ φ. A realization of the homotopy functor ψ is defined analogously. Dwyer
and Kan also define the notion of a weak equivalence between realizations (see Definition 1.1).
We can now define what we mean by subgroup and centralizer diagrams.
Definition 0.1. Let C be a collection of subgroups of a p-compact group X.
(i) A subgroup diagram for X with respect to C is a triple (ΦC, γ, η), where (ΦC, γ ) is a real-
ization of φC , and η :ΦC → BX is a natural transformation.
(ii) A centralizer diagram for X with respect to C is a triple (ΨC, δ, ζ ), where (ΨC, δ) is a real-
ization of ψC , and ζ :ΨC → BX is a natural transformation.
Let F :C→ Sp be any functor, and assume a natural transformation α :F → Y is given. Then
one has a map hocolimF → Y given by the composite
hocolim
C
F
α∗−→ hocolim
C
Y  |C| × Y proj−−→ Y.
In this way any subgroup diagram (ΦC, γ, η) for X with respect to C gives rise to a map
η∗ : hocolimOC(X)
ΦC → BX.
Similarly, a centralizer diagram (ΨC, δ, ζ ) gives rise to a map
ζ∗ : hocolimFC(X)op
ΨC → BX.
Generally the maps η∗ and ζ∗ are not guaranteed to have any good properties. Those diagrams
for which these maps are well behaved are called decompositions. A precise definition is given
next.
Definition 0.2. We say that a subgroup diagram (ΦC, γ, η) (respectively centralizer diagram
(ΨC, δ, ζ )) is a subgroup (respectively centralizer) decomposition if the map η∗ (respectively ζ∗)
above induces a mod-p homology equivalence.
A collection C of subgroups of a p-compact group X is called subgroup-ample if there exists
a subgroup decomposition for X with respect to C. Similarly C is said to be centralizer-ample if
there exists a centralizer decomposition for X with respect to C.
The claim of our main theorem thus amounts to saying that any p-compact group admits a
subgroup decomposition with respect to the collection of its radical subgroups, or equivalently
that the collection of the radical subgroups of a p-compact group X is subgroup-ample. Using
this terminology, the Dwyer–Wilkerson theorem on homology decompositions for p-compact
groups can be stated as claiming that for any p-compact group X, the collection of all its elemen-
tary abelian subgroups is centralizer-ample. The term “ample” is borrowed from [4], although
there it refers only to a collection and not to the particular diagram. It is possible to show that
if C is an arbitrary collection of subgroups of X, then C is centralizer-ample if and only if it is
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does in [4], but we shall not discuss this terminology any further in this paper.
Next, we show that, for certain collections of subgroups, the existence and uniqueness of
diagrams are guaranteed. Before we do so, notice that for discrete groups, pointed homotopy
classes of maps between their classifying spaces correspond uniquely to homomorphisms. Thus,
if A is a collection of discrete p-groups, then the functor ψA admits a canonical lift ΨA to the
category of spaces.
Proposition B. For any p-compact group X the following hold.
(i) If C is a collection of centric subgroups of X, then there exists a subgroup diagram (ΦC, γ, η)
for X with respect to C, which is unique up to a weak equivalence.
(ii) If A is a collection of finite abelian p-subgroups of X, then the triple (ΨA, Id, ev) is a
centralizer diagram for X with respect to A, which is unique up to a weak equivalence.
Remark 0.3. In particular, notice that the uniqueness part of Proposition B implies that if a
collection is subgroup-ample, then any subgroup diagram with respect to this collection is a
decomposition. A similar comment applies to centralizer diagrams.
The main theorem of this paper is the statement that for any p-compact group X, the collection
of all its radical subgroups is subgroup-ample. The first step in doing this is to show that this is
in fact equivalent to the same statement where “radical” is replaced by “centric.” More precisely:
Theorem C. For any p-compact group X, the following statements are equivalent:
(a) The collection of all p-compact toral centric subgroups of X is subgroup-ample.
(b) The collection of all p-compact toral radical subgroups of X is subgroup-ample.
Once this is proven, we proceed by proving the equivalence of another pair of statements of a
rather different nature.
Theorem D. The following statements are equivalent:
(i) For every p-compact group X the collection of all its non-trivial elementary abelian sub-
groups is centralizer-ample.
(ii) For every p-compact group X the collection of all its centric p-compact toral subgroups is
subgroup-ample.
Statement (i) of Theorem D is a theorem of Dwyer and Wilkerson [7, Theorem 8.1]. Thus,
Theorems C and D imply Theorem A at once. Notice the difference between the two theorems:
in Theorem C the conditions are stated for a given p-compact group, whereas in Theorem D they
are stated for all p-compact groups. The reason for this difference is the different methods we
employ in proving the two theorems. Theorem C is proved comparing homotopy colimits over
the corresponding orbit categories, and the proof of Theorem D involves induction on the order
of X (that is, number of components and cohomological dimension).
The rest of the paper is organized as follows. Section 1 contains the proof of Proposition B.
Section 2 introduces discrete p-toral groups, and some basic properties. It also contains a dis-
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as well as the Weyl group of a subgroup. The key properties of centric and radical subgroups are
proven in Section 3. Section 4 is a study of the orbit category of radical subgroups. A slightly
stronger form of Theorem C is shown in Section 5 (Proposition 5.1). The proof of Theorem D is
contained in Section 6 (Proposition 6.4, again in a slightly stronger form). Background material
needed along the paper is collected in Appendix A. In Appendix B we show that our decom-
position theorem is indeed a generalization of the Jackowski–McClure–Oliver decomposition
theorem.
1. Existence and uniqueness of subgroup and centralizer diagrams
This section is devoted to the proof of Proposition B. We first recall some terminology from
[5] that will be used in the proof.
Definition 1.1. Let D be a category. If θ :D→ hoSp, then a realization of θ is a pair (Θ,γ ),
where Θ :D → Sp is a functor and π ◦ Θ γ−→ θ a natural isomorphism of functors. Two re-
alizations (Θ,γ ) and (Θ ′, γ ′) are weakly equivalent if there exists a natural transformation
 :Θ → Θ ′, which is a weak equivalence on each object d ∈D and such that γ ′ ◦ π() = γ .
For a small category D, a functor θ :D→ hoSp is said to define a centric diagram over D if
for every morphism c f−→ d in D, θ(f ) is a the homotopy class of a centric map, namely, if for
any representative f ′ for θ(f ), the induced map
f ′# : Map
(
θ(c), θ(c)
)
id → Map
(
θ(c), θ(d)
)
θ(f )
is a weak equivalence.
If θ defines a centric diagram over D, one has a sequence of functors θi :Dop →Ab defined
by
θi(d) = πi
(
Map
(
θ(d), θ(d)
)
id
)
,
on objects. Note that θ1(d) is always abelian since Map(θ(d), θ(d))id is an H -space. Given a
morphism f : c → d , the morphism θi(f ) is defined as follows:
θi(f ) :πi
(
Map
(
θ(d), θ(d)
)
id
)→ πi
(
Map
(
θ(c), θ(d)
)
θ(f )
) ∼=←− πi
(
Map
(
θ(c), θ(c)
)
id
)
.
By [5, Theorem 1.1], if the groups lim←−j θi vanish for all i and j , then there exists a realization Θ
of θ which is unique up to weak equivalence.
Proof of Proposition B. Given a collection C of subgroups of a p-compact group X, define two
enlarged collections: the collection C1 obtained by adding the subgroup (X,1BX) to C, and the
collection C0 obtained by adding the trivial subgroup ({1},∗), where ∗ :B{1} → BX is the in-
clusion of the base point. Let ι1 :OC(X) →OC1(X) and ι0 :FC(X) →FC0(X) be the respective
inclusion functors.
Remark 3.3 below implies that if C is a centric collection (i.e., a collection all of whose
objects are centric) of p-compact toral subgroups of a p-compact group X, then the functor
φC :OC(X) → hoSp defines a centric diagram. It is also immediate that the extended diagram
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higher limits of any contravariant functor from it to the category of abelian groups vanish. Thus
by the Dwyer–Kan theorem stated above, a realization (ΦC1 , γ1) of φC1 exists and is unique up
to weak equivalence.
Next, notice that since (X,1BX) is a terminal object in OC1(X), the obvious map
hocolim
OC1 (X)
ΦC1 → ΦC1(X,1BX)
is a homotopy equivalence. Let ρ1 :π ◦ΦC1 → φC1 be a natural isomorphism. Then ρ1 determines
a homotopy class of a homotopy equivalence ΦC1(X,1BX)
−→ BX. Fix a representative ιX for
this equivalence.
Let ΦC denote the composite
OC(X) inc−−→OC1(X)
ΦC1−−→ Sp,
and let γ denote the restriction of γ1 to ΦC . Then (ΦC, γ ) is clearly a realization of the homotopy
functor φC onOC(X). Let η denote the natural transformation defined by taking an object (P,α)
of OC(X) to the composite
ΦC(P,α) = ΦC1(P,α)
ΦC1 (α)−−−−→ ΦC1(X,1BX) ιX−→ BX.
Then the triple (ΦC, γ, η) is a subgroup diagram for X with respect to C.
It is also clear that given a subgroup diagram, one can define a realization of φ1. Therefore, we
have shown that there a 1–1 correspondence between equivalence classes of subgroup diagrams,
and equivalence classes of realizations of φ1 in the sense of Definition 1.1.
To prove (ii), notice that Remark 3.3, in conjunction with the fact that the centralizer in X of
a p-compact toral subgroup is itself a p-compact group [6, Proposition 5.1], implies that if A is
a collection of finite abelian p-subgroup of X, then the diagram defined by ΨA :FA(X)op → Sp
is centric [7, Lemma 11.15]. The evaluation map
ΨA(A,α) = Map(BA,X)α ev−→ X
gives a natural transformation from ΨA to the constant functor BX. Thus the triple (ΨA, Id, ev)
is a centralizer diagram, which by an argument similar to the one given above, is unique up to
weak equivalence. 
Proposition B can be stated in a more general context. Let C be a small category. Given a
functor F :C → hoSp and a natural transformation to the constant functor η :F → Y such that
for each f ∈ MorC(c, d) and c ∈ C, the maps F(f ) :F(c) → F(d) and η(c) :F(c) → Y are
centric, then there exists a realization of F which is unique up to equivalence.
2. Discrete p-toral subgroups
One of the main objects of study in this paper is the orbit category of p-compact toral sub-
groups of a given p-compact group, and certain subcategories. We start by introducing some
useful simplifications.
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as objects of the orbit category. We shall use the same notion for isomorphic objects in any orbit
category (e.g., of discrete p-toral subgroups, as defined below).
An essential ingredient in the study of p-compact groups is the concept of discrete p-toral
groups, introduced by Dwyer–Wilkerson in [6] and used extensively in the literature.
Definition 2.1. For a prime p, let Z/p∞ denote the union
⋃
n1 Z/p
n under the obvious inclu-
sions.
(i) A group T is said to be a discrete p-torus if T is isomorphic to (Z/p∞)×n for some n,
which is called the rank of T .
(ii) A group P is called discrete p-toral if it contains a normal discrete p-torus of p-power
index. The dimension of P is the rank of its maximal discrete p-torus.
(iii) By abuse of notation, if P is a discrete p-toral group with maximal torus T , then we denote
by π0(P ), the group P/T . The order of P is defined to be the pair (dim(P ), |π0(P )|).
(Compare with Definition A.5.)
By [6, Proposition 6.9] every p-compact toral group P has a discrete approximation, namely,
a discrete p-toral group Pˇ together with a homomorphism u : Pˇ → P , which induces a mod-p
homology equivalence Bu :BPˇ → BP . On the other hand, if Q is a p-discrete toral group,
completion induces a mod-p equivalence BQ → BQ∧p and BQ∧p gives rise to a p-compact toral
group, which we denote by Qˆ. In particular, BQˆ and BQ∧p denote the same classifying space.
For any two groups G,H , let Rep(G,H) def= Hom(G,H)/ Inn(H).
Lemma 2.2. Let P and Q be p-compact toral groups and let Pˇ ιP P and QˇιQ Q be discrete
approximations. Then one has induced maps
Map(BPˇ ,BQˇ)
ιQ#−−→ Map(BPˇ ,BQ) ι
#
P←− Map(BP,BQ),
and ιQ# is a mod-p equivalence, while ι#P is a homotopy equivalence. In particular,
Rep(Pˇ , Qˇ) ∼= [BPˇ ,BQˇ] ∼= [BPˇ ,BQ] ∼= [BP,BQ].
Proof. That ι#P is a homotopy equivalence follows since BQ is p-complete. The homotopy
fibre of ιQ is an Eilenberg–MacLane space of type K(V,1), where V is a Q∧p -vector space (see
[6, Proposition 6.8]). For each homotopy class of maps BPˇ α−→ BQ there is a fibration
BV hPˇ → Map(BPˇ ,BQˇ)α¯ → Map(BPˇ ,BQ)α.
Since Pˇ is discrete and V is a rational vector space, it follows that BV hPˇ is again a space of
type K(U,1), where U is the invariant subspace in V under the Pˇ action. In particular BV hPˇ is
connected and mod-p acyclic and so α¯ consists of a single component and
Map(BPˇ ,BQˇ)α¯
ιQ#−−→ Map(BPˇ ,BQ)α
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others follow by taking components. 
The next definition gives a discrete analog for the concept of a Sylow subgroup.
Definition 2.3. Let X be a p-compact group, let Sˇ be a discrete p-toral group, and let ιˇ :BSˇ →
BX be a map, which is a monomorphism of p-compact groups upon p-completion. Then (Sˇ, ιˇ)
is said to be a discrete p-toral subgroup of X. The subgroup (Sˇ, ιˇ) is said to be a discrete Sylow
subgroup of X if ι = ιˇ∧p :BSˇ∧p → BX is a Sylow subgroup for X.
Clearly, if (Sˇ, ιˇ) is a discrete Sylow subgroup for X, then any other discrete p-toral subgroup
of X factors through (Sˇ, ιˇ) up to homotopy. Thus a discrete Sylow subgroup of X is unique up to
X-conjugacy. It is also clear that if Pˇ φ−→ Sˇ is a monomorphism of discrete p-toral groups, then
(Pˇ , ιˇ ◦Bφ) is a discrete p-toral subgroup of X.
Proposition 2.4. Let X be a p-compact group with a Sylow subgroup S ι X, and let P  S be
a p-compact toral subgroup. Let Pˇ  Sˇ be discrete approximations of P  S. Then C
Sˇ
(Pˇ ) is a
discrete p-toral subgroup of CX(P ). Furthermore, there exists a subgroup Pˇ ′  Sˇ, X-conjugate
to Pˇ , such that C
Sˇ
(Pˇ ′) is a discrete Sylow subgroup of CX(P ).
Proof. Let ιˇ :BSˇ → BX denote the map induced by inclusion followed by ι. Then ιˇ induces a
map
Map(BPˇ ,BSˇ)inc
ιˇ#−→ Map(BPˇ ,BX)ιˇ◦inc  Map(BP,BX)ι|BP ,
where the last equivalence follows from [6, Proposition 6.8], and the diagram
Map(BPˇ ,BSˇ)inc
ev
ιˇ# Map(BP,BX)ι|BP
ev
BSˇ
ιˇ
BX
commutes. Since both ιˇ and the evaluation map on the left column are monomorphisms (the
first is ι upon completion, and the second is induced by an inclusion of groups), their composite
is a monomorphism, and hence BC
Sˇ
(Pˇ ) = Map(BPˇ ,BSˇ)inc is a discrete p-toral subgroup of
BCX(P ) = Map(BP,BX)ι|BP by Lemma A.2(i).
To prove the second statement, let Q  CX(P ) be a Sylow subgroup. Then, by adjointness,
one has a map BQ×BP → BX, and since (S, ι) is Sylow in X, this map factors up to homotopy
through BS. Let Qˇ× Pˇ → Sˇ be a discrete approximation of this factorization, and let Pˇ ′  Sˇ de-
note the image of {1}× Pˇ under this homomorphism. Then, by adjointness again, one has a group
monomorphism α : Qˇ → C
Sˇ
(Pˇ ′). Upon p-completion, this map becomes a monomorphism of
p-compact groups by Lemma A.2(i), since its composition with the inclusion to BCX(P ) is
so. But, since Q is a Sylow subgroup of CX(P ), α must be an isomorphism, and the proof is
complete. 
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the orbit category O
Sˇ
(X) to be the category whose objects are the subgroups of Sˇ, and whose
morphisms are representations [ρ] ∈ Rep(Pˇ , Qˇ) such that ιˇ|BPˇ  ιˇ|BQˇ ◦Bρ.
If we let (S, ι) denote the p-completion of (Sˇ, ιˇ), then one has an obvious functor
qO :OSˇ (X) → Op(X), where the target category is the full subcategory of O(X), whose ob-jects are all p-compact toral subgroups of X.
Proposition 2.6. Let X be a p-compact group and let S ι X be a Sylow subgroup. Fix a discrete
approximation Sˇ of S, and let Sˇ ιˇ X be the resulting discrete Sylow subgroup of X. Then the
functor qO defined above is an equivalence of categories.
Proof. Let Oˇp(X) be the category whose objects are all discrete p-toral subgroups of X, and
whose morphisms (Pˇ , α) → (Qˇ,β) are conjugacy classes of homomorphisms Pˇ → Qˇ such that
the obvious triangles commute up to homotopy. Then p-completion induces a functor Oˇp(X) →
Op(X), which by Lemma 2.2 is an equivalence of categories. Since (Sˇ, ιˇ) is a discrete Sylow
subgroup of X, the inclusion O
Sˇ
(X) → Oˇp(X) is also an equivalence of categories. 
From this point on we will denote discrete p-toral groups by P , Q, S, etc. (i.e., omit the
decoration), as long as confusion cannot arise. But Pˇ will always denote a p-discrete toral and
Pˆ always a p-compact toral group. We end this section with a brief discussion of normalizer and
Weyl spaces, adapted to the context of discrete p-toral subgroups.
In [8, Section 4], Dwyer and Wilkerson define the Weyl space WX(Y ) =WX(Y,α), for a
subgroup (Y,α) of a p-compact group X, to be the space of all self-maps f of BY , such that
α  α ◦ f . (α should really be replaced by a fibration first, and then one considers all maps
f such that α = α ◦ f .) The Weyl space is a topological monoid under composition, and acts
naturally on BY . By [8, Proposition 4.3], the set of components π0(WX(Y )) is a group. Notice
that this group is, by definition, the automorphism group of (Y,α) in O(X).
Similarly, if X is a p-compact group with a discrete Sylow subgroup S, then for each subgroup
P  S, we define the Weyl space WX(P ) to be the space of all self-maps f of BP , such that
ιP  ιP ◦ f . This is again a topological monoid under composition, which acts naturally on BP .
The normalizer space of P in X, NX(P ), is the loop space whose classifying space is the
Borel construction of the action on WX(P ) on BP ,
BP → BNX(P ) → BWX(P ).
Since the action of WX(P ) on BP commutes with the inclusion BP → BX, there is natural
map BNX(P ) → BX (see [8, Definition 4.4]).
The set of components π0(W(P )) is again a group. To see this note that every self-map of
BP is induced by an endomorphism of P up to homotopy, and this endomorphism is unique
up to an inner automorphism of P (Lemma 2.2). Upon p-completion one obtains a self-map of
a p-compact toral group over BX, which by [8, Proposition 4.3] is an equivalence. Hence any
endomorphism inducing this self-map is in fact an automorphism.
Definition 2.7. For any subgroup (Y,α) of X, define its Weyl group by
WX(Y,α)
def= π0
(WX(Y,α)
)
.
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denoted by WX(P ), is defined similarly and WX(P )Out(P ).
3. Centric subgroups and radical subgroups
This section is devoted to a discussion of centric and radical discrete p-toral subgroups of a
p-compact group.
Recall that, in [6], Dwyer and Wilkerson define the centralizer of a p-compact toral subgroup
(P,α) of a p-compact group X to be BCX(P )
def= Map(BP,BX)α . The center of a p-compact
toral group P can therefore be defined by BZ(P ) def= Map(BP,BP )id, which by Lemma 2.2
is approximated by Map(BPˇ ,BPˇ )id  BZ(Pˇ ). The last equivalence is of course well known
for discrete groups. Thus one can define a centric p-compact toral subgroup of X to be a sub-
group (P,α), such that the obvious map BZ(P ) α#−→ BCX(P ) is a weak equivalence. We now
specialize to discrete p-toral groups.
Definition 3.1. Let P α X be a discrete p-toral subgroup of a p-compact group X. We say that
P is centric in X if the natural map
BZ(P )  Map(BP,BP )id α#−→ Map(BP,BX)α
is a mod-p homology equivalence.
Clearly a subgroup P  S is centric in X if and only if the corresponding p-compact toral
subgroup of X is centric in the sense described in the introduction since in that case both map-
ping spaces are p-complete (see [6, Propositions 5.8 and 6.1]). The following lemma gives an
alternative condition, which avoids the need to pass to the p-completed classifying space.
Lemma 3.2. Let X be a p-compact group with a discrete Sylow subgroup S ι X, and let P  S
be a subgroup. Then P is centric in X if and only if P ′ is centric in S for each P ′  S which is
X-conjugate to P .
Proof. Assume P ′  S is centric in S for every P ′ which is X-conjugate to P . By Proposi-
tion 2.4, there is some P ′, X-conjugate to P , such that CS(P ′) is a discrete Sylow subgroup of
CX(P ). But CS(P ′) = Z(P ′) ∼= Z(P ) by assumption, and so by Remark A.11 the inclusion of
CS(P
′) in CX(P ) is a mod-p equivalence. Hence P is centric in X.
Conversely, if P is centric in X, then all P ′  S which are X-conjugate to P are centric in X.
Hence the composite
BZ(P ′) → BCS(P ′) → BCX(P ′)
is a mod-p homology equivalence. Upon p-completion, the second map is both a monomorphism
and an epimorphism of p-compact groups (Lemma A.2), hence an isomorphism. It follows that
the first map is a mod-p homology isomorphism as well, and so P ′ is centric in S (by [6, Propo-
sition 6.8] and Lemma 2.2). 
Remark 3.3. Lemma 3.2 implies in particular that if P QX are discrete p-toral subgroups
of X, and P is centric in X, then it is centric in Q.
502 N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534The following is a useful property of centric subgroups.
Lemma 3.4. Let S be a discrete p-toral group, and let P  S be a centric subgroup. Then
Z(P ) P intersects non-trivially with any non-trivial normal subgroup of S.
Proof. Let N  S be a normal non-trivial subgroup. Assume first that N is finite. Then P acts
on N , and the action factors through an action of a p-subgroup of Aut(N). Since a finite p-group
acting on another finite p-group always has a fixed point, there is some x ∈ N which is fixed by
the conjugation action of P , and hence x ∈ CS(P ) = Z(P ). If N is infinite, it contains a non-
trivial characteristic elementary abelian p-subgroup E. Hence the action of P on N induces an
action on E. The argument given for the finite case can now be repeated to finish the proof. 
Proposition 3.5. Let X be a p-compact group with a discrete Sylow subgroup S ι X, and
let P  S be a subgroup, which is centric in X. Then WX(P ) is a finite group, and there are
subgroups P ′ Q′  S such that P ′ is X-conjugate to P , and such that Q′/P ′ ∼= OutQ′(P ′) =
OutS(P ′) is a Sylow p-subgroup of WX(P ).
Proof. The group WX(P ) is finite by Corollary A.17. Let π ∈ Sylp(WX(P )). Since WX(P ) is
homotopically discrete, there is an obvious map Bπ → BWX(P ), which induces the inclusion
on fundamental groups. Let Q be the discrete p-toral group whose classifying space is the pull-
back space of the system Bπ → BWX(P ) ← BNX(P ). Thus we obtain an extension of discrete
p-toral groups P ν−→ Q → π and a map BQ → BX, which factors through a homomorphism
Q
α−→ S. Then ν is clearly injective, and we claim that α is injective as well. Notice first that its
restriction to P is injective. Furthermore, P is centric in X, hence by Lemma 3.2 it is centric
in S, and thus also in Q. By Lemma 3.4, α is injective, since otherwise P intersects non-trivially
with Ker(α), which is a contradiction.
Now, let Q′ = α(Q) and P ′ = α ◦ ν(P ). Then P ′  Q′  S, P ′ is X-conjugate to P , and
Q′/P ′ ∼= π is a Sylow p-subgroup of WX(P ) by construction. 
We now specialize to centric collections of p-compact toral subgroups of a p-compact
group X, i.e., collections all of whose objects are centric in X. We start by analyzing the au-
tomorphism group of a centric subgroup as an object in the orbit category O(X).
For a group G and a G-space Z, we denote by ZhG the homotopy fixed point space of Z
under the action of G, i.e., the space MapG(EG,Z), where EG is a free contractible G-space,
or equivalently the space of sections of the Borel construction
ZhG
def= Z ×G EG → ∗ ×G EG = BG.
If X is a p-compact group and Y α X is a p-compact subgroup, we denote by X/Y the
homotopy fibre of α. In particular, if S X is a discrete Sylow subgroup of X, and P  S, the
space X/Pˆ is the homotopy fibre of ι
Pˆ
:BPˆ = BP∧p → BX.
Proposition 3.6. Let X be a p-compact group with a discrete Sylow subgroup S ι X. Let
Y β X be a p-compact subgroup of X, and assume P  S is centric in X. Then (X/Y )hP
is homotopically discrete, and
MorO(X)
(
(P, ιP ), (Y,β)
)= π0
(
(X/Y )hP
)
.
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MorOS(X)(P,Q) = π0
(
(X/Qˆ)hP
)
.
Finally, if X is p-compact toral and P is a proper subgroup of S, then WX(P ) is a non-trivial
finite p-group.
Proof. Let {α} ⊆ [BP,BY ] be the set of components [f ] such that β ◦ f  α. The homotopy
fibre of the map
β# : Map(BP,BY){α} → Map(BP,BX)α
is (X/Y )hP by [6, Lemma 10.4], and β# is a homotopy equivalence on each component by
Lemma 3.2 and Remark 3.3 since all components in Map(BP,BY){α} are equivalent to BZ(P )∧p .
Hence (X/Y )hP is homotopically discrete, and the morphism set MorO(X)((P, ιP ), (Y,β)),
given by the set of components {α}, is in 1–1 correspondence with the set of components
π0((X/Y )hP ). The identification with the automorphism group of P in OS(X) is immediate.
If X is p-compact toral then S ι−→ X is a discrete approximation, and by Propositions 3.5
and 2.6, WX(P ) is a finite p-group isomorphic to NS(P )/P = (S/P )P , and the right-hand side
is non-trivial by Corollary A.17. 
The following lemma shows that the collection of subgroups P  S which are centric in X,
where S is a discrete Sylow subgroup in a p-compact group X, is closed under overgroups.
Lemma 3.7. Let X be a p-compact group with a discrete Sylow subgroup S  X, and let P 
Q S be subgroups. Then if P is centric in X, then so is Q.
Proof. By Lemma 3.2, P is centric in X if and only if all its X-conjugates P ′  S are centric
in S. But, in a discrete group, centric subgroups are closed under overgroups. Hence Q and all
its X-conjugates are centric in S, and so Q is centric in X. 
If P  Y  X, and P is centric in Y , then it is not generally the case that P is centric in X.
The following lemma singles out a family of subgroups Y X, which are a very useful exception
to the rule.
Lemma 3.8. Let X be a p-compact group with a discrete Sylow subgroup S X. Let E  S be
an elementary abelian p-subgroup, and let P  CX(E) be a discrete p-toral subgroup. Then P
is centric in CX(E) if and only if it is centric in X.
Proof. By Proposition 2.4, there is some E′  S, X-conjugate to E, such that CS(E′) is a dis-
crete Sylow subgroup of CX(E). Thus P is CX(E)-conjugate to a subgroup of CS(E′), and,
replacing E′ by E, it suffices to prove the statement for subgroups P  CS(E). Note that in this
situation CS(P ) = CCS(E)(P ).
If P  CS(E) is centric in X, then, by Lemma 3.2, P and all its X-conjugates P ′  S are
centric in S. In particular those X-conjugates of P , which are contained in CS(E) and are con-
jugate in CX(E), are also centric in S, and therefore in CS(E). Thus P is centric in CX(E) by
Lemma 3.2 again.
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X-conjugate to P , we must show that P ′ is centric in S. Let E(P ) denote the maximal central
elementary abelian subgroup of P . Since P CS(E), and since E is central in CS(E), it follows
that E  E(P ). Clearly P  CS(E(P )), and is centric there. An X-conjugation P → P ′ is in
particular a group isomorphism, and hence takes E(P ) isomorphically to E(P ′), and induces an
isomorphism of p-compact groups CX(E(P ′)) → CX(E(P )). Since P is centric in CX(E(P )),
P ′ is centric in CX(E(P ′)), and thus in CS(E(P ′)). Let C′ denote CS(E(P ′)). It is now easy to
verify that CC′(P ′) = CCS(P ′)(E(P ′)). The right-hand side is equal to CS(P ′) since E(P ′) P ′
is central, while the left hand is Z(P ′), since P ′ is centric in C′. This shows that P ′ is centric
in S, and thus completes the proof. 
Next we discuss some basic properties of the collection of radical p-compact toral subgroups
of a p-compact group X. In direct analogy to p-toral subgroups of a p-compact group, we define
radical discrete p-toral subgroups of a p-compact group X.
Definition 3.9. We say that a discrete p-toral subgroup (P,α) of a p-compact group X is radical
if it is centric and if AutO(X)(P,α) is finite and p-reduced (that is, it has no non-trivial normal
p-subgroups).
We start by showing that any discrete Sylow subgroup of a p-compact group is radical.
Lemma 3.10. Let S  X be a discrete Sylow subgroup of a p-compact group X. Then S is
radical in X.
Proof. By Lemma 3.2, S is centric since CS(S) = Z(S). Furthermore, by Proposition 3.5,
OutS(S) = 1 is a Sylow p-subgroup of WX(S), therefore |WX(P )| is of order prime to p and is
thus p-reduced. 
The following lemma is a one-sided analogue of 3.8 for radical subgroups. Notice that if
P  Y X and P is radical in X, it is not necessarily radical in Y .
Lemma 3.11. Let X be a p-compact group with a discrete Sylow subgroup S. Let P  S be a
subgroup, and let E def= E(P ) X be a maximal central elementary abelian p-subgroup of P .
Then P  CX(E) and if P is radical in X, then it is radical in CX(E).
Proof. The first statement is obvious (see Remark A.15). Write K def= CX(E) for short. If P is
radical in X, then it is centric there by definition, and hence WX(P ) is homotopically discrete
by Proposition 3.6. By the same proposition, since P K , P is also centric in K , and WK(P )
as well as (X/K)hP are homotopically discrete. The Weyl group WK(P ) is finite by Proposi-
tion 3.6, and it remains to show that it is p-reduced.
To show that, we construct a homomorphism
ρ :WX(P ) → Aut(E),
with kernel WK(P ). Having done that, the claim follows from the assumption that WX(P ) is
p-reduced and Lemma 3.12 below.
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that BιP ◦Bβ  BιP . Since P is centric in S, β induces an automorphism β ∈ Aut(E). Define
ρ(β) = β.
Now, since β is the restriction of β to E, β also induces a self-map of K = CX(E), and
if β = Id, then the induced map on K is also homotopic to the identity. Therefore, if we let
jP :P → K be the inclusion, then BjP ◦ Bβ  BjP , and thus β ∈ WK(P ). Conversely, let β ∈
WK(P ). Consider the morphism m :E × P → X induced by multiplication with kernel E. In
this situation Id × β ∈ Aut(E × P) induces an automorphism over X, that is, m ◦ (Id × β)  m
since E is central in P and β ∈ WK(P )  WX(P ). The restriction of m to the kernel is the
automorphism of E given by β = Id. 
Lemma 3.12. Let H G be a normal subgroup of the finite group G. If G is p-reduced, then so
is H .
Proof. Let QH be the intersection of all Sylow p-subgroups of H . Then, QH is a char-
acteristic subgroup of H . Since H G, it follows that QG. Moreover, H is p-reduced if and
only if Q is the trivial group. Thus, if H is not p-reduced then G is also not p-reduced, which
proves the statement. 
4. The orbit category of radical subgroups
In this section we study the orbit category of radical p-compact subgroups of a p-compact
group X. In particular we study the behavior of the orbit category of radical subgroups and
the respective subgroup diagrams under extension of a p-compact group by a p-compact toral
group. We also show that the orbit category of radical subgroups of a p-compact group has a
finite skeletal subcategory. This last observation is crucial in carrying out inductive procedures
later on.
Definition 4.1. Let X and Z be p-compact groups. An extension of Z by X is a fibration
BX → BY → BZ,
where both the projection and the fibre inclusion are homomorphisms (i.e. pointed maps).
Notice that an extension of p-compact groups as above gives rise to a p-compact group, whose
classifying space BY is the total space in the defining fibration. To see this, notice that BY is p-
complete, since π1(BZ) is a p-group and hence acts nilpotently on the mod-p homology of BX.
Hence by [1], p-completion preserves the fibration, while not changing its base and fibre spaces,
implying that BY is p-complete as well. Furthermore, Y = ΩBY is the total space in a fibration
with Fp-finite base and fibre, and is thus itself Fp-finite by inspection of the associated Serre
spectral sequence.
We are now ready to state and prove our main claim about extensions: if Y is an extension
of a p-compact group X by a p-compact toral group K , then X and Y have equivalent orbit
categories of p-compact toral radical subgroups. More precisely we have the following.
Proposition 4.2. Let
BK
ι−→ BX π−→ BY
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of categories
Ψ :Or (Y ) →Or (X).
Proof. Let (S, ιS) be a discrete Sylow subgroup for X, and let (R, ιR) be a discrete Sylow
subgroup of Y . The map π induces an epimorphism πˇ :S → R, which is well defined up to
conjugation in R. This follows since the pull-back of the extension along ιR gives a discrete
p-toral subgroup of X, which is clearly Sylow by a standard Euler characteristic argument. Let
Kˇ denote Ker(πˇ). Since K ι X is a p-compact toral subgroup of X such that πˇ ◦ ι  ∗, there
is an induced map BKˇ → BK , which is a discrete approximation. To see that, notice that in the
fibration
BKˇ → BS → BR
the action of R on H∗(BKˇ,Fp) factors through a finite p-group quotient, and is therefore nilpo-
tent. Hence the fibration is preserved under p-completion, and BKˇ∧p  BK . In particular, there
is a 1–1 correspondence between subgroups of R and subgroups of S containing Kˇ .
By Proposition 2.6, to prove our statement, it suffices to show that there is an isomorphism of
categories ΨS :OrR(Y ) →OrS(X), where OrS(X) is the full subcategory of OS(X) whose objects
are radical in X, and similarly OrR(Y ). The functor ΨS we use is in fact defined on OR(Y ), but
will only be shown to be an isomorphism of categories when restricted to OrR(Y ).
Definition of ΨS : For an object P  R of OR(Y ), define ΨS(P ) = πˇ−1(P )  S. Notice that
the square
B(P ′)
ιP ′
BX
π
BP
ιP
BY
is a homotopy pull-back square upon p-completion, where P ′ = ΨS(P ). Unless ambiguity may
arise, we will denote throughout this proof ΨS(P ), ΨS(Q) by P ′, Q′, etc., for short.
We next define ΨS on morphisms. A morphism P
[f ]−−→ Q in OR(Y ) is a Q-conjugacy class
of a homomorphism f :P −→ Q such that ιQ ◦Bf  ιP . Thus given such a morphism, applying
the classifying space functor and p-completion, and using the universal property of a pull-back,
one has an induced map
f ′ :BP ′ → BQ′
such that [ιQ′ ] ◦ f ′ = [ιP ′ ]. Let ΨS([f ]) :P ′ → Q′ denote any homomorphism which induces f ′
up to homotopy.
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sets. Let P,Q ∈ OR(Y ) be any two objects, and let P ′,Q′  X denote ΨS(P ) and ΨS(Q) re-
spectively, as before. Then one has the following sequence of homotopy equivalences
(X/Qˆ′)hP ′  (Y/Qˆ)hP ′  ((Y/Qˆ)hKˇ)hP  (Y/Qˆ)hP . (1)
The first equivalence holds since X/Qˆ′  Y/Qˆ. The second follows from [6, Lemma 10.5]. For
the last equivalence, note that, since the composite
BK → BX → BY
is null-homotopic, the pull-back of the fibration BQˆ = BQ∧p → BY along this composite is the
trivial fibration BK × Y/Qˆ → BK . Hence
(Y/Qˆ)hK  Map(BK,Y/Qˆ)  Y/Qˆ,
where the second equivalence follows since Y/Qˆ is p-complete and Fp-finite, and so the evalu-
ation map
Map(BK,Y/Qˆ)

ev
Y/Qˆ
is an equivalence by the Sullivan conjecture for p-compact groups [7, Theorem 9.3]. Notice that
(Y/Qˆ)hK  (Y/Qˆ)hKˇ . Taking components, and using Proposition 3.6, one has
MorO(X)(P ′,Q′) = π0
(
(X/Qˆ′)hP ′
)∼= π0
(
(Y/Qˆ)hP
)= MorO(Y )(P,Q).
This shows that ΨS is well defined and is a bijection on morphism sets.
ΨS is injective on objects: Since objects in OR(Y ) are in 1–1 correspondence via ΨS with ob-
jects of OS(X) which contain Kˇ , it follows that ΨS , and hence its restriction OrR(Y ), is injective
on objects.
The functor ΨS sends radical subgroups to radical subgroups: Set P = Q in Eq. (1) above.
Taking components, one obtains a group isomorphism WX(P ′) ∼= WY (P ). Hence, P ′ ιP ′ X is
radical if and only if P ιP Y is radical. This shows that ΨS restricted to OrR(Y ) takes values
in OrS(X).
ΨS is surjective on objects: To show that ΨS is surjective on objects, it suffices to show that
any subgroup Q S such that Q is radical in X must contain Kˇ , and thus is in the image of ΨS .
This part of the proof is the only place where radicality is used.
We first consider the case when Kˇ is abelian. Assume that Q is radical and does not contain Kˇ .
Set U = Q ∩ Kˇ . We first verify that Q  N
QKˇ
(Q). To see this, notice that the action of Q on
Kˇ/U by conjugation has a non-trivial fixed subgroup (this is clear if Kˇ/U is finite, and if Kˇ/U
is infinite, then the action of Q on characteristic subgroup of p-torsion elements in Kˇ/U must
have a non-trivial fixed subgroup). There is an element g ∈ Kˇ \Q such that gU ∈ (Kˇ/U)Q, and
therefore g normalizes Q and is hence in N ˇ (Q).QK
508 N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534Let g ∈ N
KˇQ
(Q) \ Q. Since Kˇ is abelian, so is U , and g ∈ Kˇ , the conjugation action of g
on Q, restricts to the identity on U and also on Q/U . Let AAutX(Q) denote the subgroup of
all X-automorphisms of Q with this property. For any α ∈ A, and q ∈ Q, α(q) = quq for some
uq ∈ U . Since every X-automorphism of Q preserves Kˇ and hence U , this implies that A is a
normal subgroup of AutX(Q). Moreover, since for every u ∈ U , |u| = pm for some m  1, it
follows that for every q ∈ Q, there is some m such that αpm(q) = q . Since the group of auto-
morphisms AutOS(X)(Q) is finite (Proposition 3.6), the observations above imply that the group
A/(Inn(Q)∩A)AutOS(X)(Q) is a normal p-subgroup, and since Q is radical, A must be con-
tained in Inn(Q). Thus cg = cq for some q ∈ Q, and hence gq−1 centralizes Q. But since g /∈ Q,
and Q is centric, this contradicts Lemma 3.2. This shows that Q must contain Kˇ . In particular,
this finishes the proof of the proposition in the case Kˇ is abelian.
Let Kˇ be arbitrary, let T be a maximal torus of Kˇ and set π = Kˇ/T . Notice that X/T is
a p-compact group. Since T is abelian, the particular case just handled implies that there is an
equivalence of categories Ψ : Or (X) → Or (X/T ). Since there is an extension of p-compact
groups
π → X/T → Y,
it is enough to consider the case where K is a finite p-group. But in this case we can proceed
similarly by induction on the order of π using the fact that a non-trivial finite p-group has a
non-trivial center. This completes the proof in the general case. 
Proposition 4.2 allows to compare subgroup ampleness of radical subgroups of a p-compact
group Y , with that of radical subgroups of any extension of Y by a p-compact toral group.
Proposition 4.3. Let X be an extension of a p-compact group Y by a p-compact toral group K .
Then, the collection of all radical subgroups of X is subgroup-ample if and only if the collection
of all radical subgroups of Y is subgroup-ample.
Proof. Let S X and R  Y be discrete Sylow subgroups, such that Kˇ  S is a discrete approx-
imation for K , and S/Kˇ ∼= R. Let S π−→ R denote the projection. It suffices to prove the claim
for the collections of all subgroups of S and R which are radical in X and Y respectively.
By Proposition B, there exists a subgroup diagram (Definition 0.1)
φ¯ :OrR(Y ) → Sp.
Let
φ :OrR(Y ) → Sp
be the functor which takes a subgroup P R to the pull-back space in the diagram
φ(P )
η
φ¯(P )
η¯
BX
π
BY = BY(P ).
N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534 509Here BY is the constant functor on OrR(Y ) with value BY , and η¯ is the natural transformation
associated to φ¯. Notice that since π is a fibration, φ is well defined, and comes equipped with an
obvious natural transformation η :φ → BX. Furthermore, since φ is defined using the pull-back
construction, the conditions of Puppe’s theorem [3, p. 179] are automatically satisfied, and the
commutative square above gives rise to a commutative diagram of fibrations
BK
=
hocolimOrR(Y ) φ
|η|
hocolimOrR(Y ) φ¯
|η¯|
BK BX BY.
Since Y and X are p-compact groups, their fundamental groups are finite p-groups. Hence |η¯|
(respectively |η|) is a mod-p equivalence if and only if its homotopy fibre is mod-p acyclic.
Since the fibres of η and η¯ are homotopy equivalent, it follows that |η| is a mod-p equivalence if
and only if |η¯| is a mod-p equivalence.
Finally, by Lemma 4.2 the categories OrS(X) and OrR(Y ) are equivalent categories, and the
composite
OrS(X)
Ψ−1S−−−→OrR(Y ) φ−→ Sp
is obviously a subgroup diagram for X. The proposition follows at once. 
We end this section by showing that for every p-compact group X the category Or (X) is
equivalent to a finite category.
Proposition 4.4. For any p-compact group X, the orbit category Or (X) has a finite skeletal
subcategory (that is,Or (X) has finitely many isomorphism classes of objects and finite morphism
sets).
Proof. Since all radical subgroups in X are centric in X by definition, each morphism set
MorOr (X)(P,Q) is given by the set of components of the respective homotopy orbit space
(X/Q)hP , which is homotopically discrete and finite by Corollary A.17. Hence, it suffices to
show that Or (X) has a finite number of isomorphism classes of objects.
If X is a p-compact toral group and QX is a proper subgroup, then the Weyl group WX(Q)
is always a non-trivial finite p-group by Corollary 3.6. Hence, the only radical subgroup of X is
X itself. This proves the claim in this case.
Let X be an arbitrary p-compact group, which is not p-compact toral. Let Y be the center-free
quotient of X, which exists by Lemma A.12. Since Or (X) Or (Y ) by Proposition 4.2, we are
reduced to showing the statement for center-free p-compact groups.
We proceed by downward induction on the order of X. The order of X is the pair (dX, oX),
where dX is the mod-p cohomological dimension of X and oX is the order of its group of com-
ponents (see Definition A.5). Thus assume the claim holds for all p-compact groups of order
strictly less than that of X.
By [7, Proposition 8.3], there exist only finitely many conjugacy classes of elementary abelian
subgroups of X. If P X is a radical subgroup, then P  CX(E(P )), where E(P ) is the maximal
central elementary abelian subgroup of P , and P is radical there by Lemma 3.11. Since X is
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conjugacy classes of radical p-compact toral subgroups. Hence the conjugacy class of P can
only be one of a finite list of conjugacy classes of p-compact toral subgroups of X, each of
which is radical in CX(E) for some elementary abelian p-subgroup E X. This completes the
proof. 
5. Subgroup ampleness of centric and radical collections
Let C be a family of centric subgroups of a p-compact group X, which contains at least one
representative from the conjugacy class of each radical subgroup of X. The objective of this
section is to prove the following proposition. Notice that this is a slightly more general form of
the equivalence of statements (a) and (b) in Theorem C.
Proposition 5.1. Let X be a p-compact group, and let C be a collection of subgroups all of
which are centric in X, and such that C contains all subgroups which are radical in X. Then the
collection of all radical subgroups in X is subgroup-ample if and only if C is subgroup-ample.
Without lost of generality, we can restrict attention to collections which are contained in a
fixed discrete Sylow subgroup (see Proposition 2.6). Thus, let X be a p-compact group with a
discrete Sylow subgroup S ιS X, and let C be a collection of subgroups of S, all of which are
centric in X, containing all subgroups of S which are radical in X. Recall that we denote by
OrS(X) (respectively OcS(X)) the orbit category of subgroups of a fixed discrete Sylow S ιS X
which are radical in X (respectively centric in X). Let OC(X) be the orbit category of subgroups
of S which belong to the family C.
From this point onwards, our discussion becomes quite categorical in nature. The required
material is collected in Appendix A for the convenience of the reader, and will be referred to in
due course.
Let
τC :OrS(X) →OC(X)
denote the inclusion functor. For each object P ∈ C, we denote by P↓τC the undercategory of
P with respect to τC . Objects in the undercategory are pairs (Q, [u]), where QιQ X is radical,
and P [u]−−→ Q is a morphism in OC(X). A morphism in P↓τC
[g] : (Q, [u])→ (Q′, [u′])
is determined by a morphism Q [g]−−→ Q′ in OrS(X), such that [g] ◦ [u] = [u′]. Note that, by
Lemma A.18, there is at most one morphism between two objects in P↓τC .
The functor τC is said to be right cofinal if the nerve |P↓τC | is contractible for each P ∈ C.
The claim that this is indeed the case (Proposition 5.2 below) is the key ingredient in the proof
of Proposition 5.1.
Proposition 5.2. For any p-compact group X, the inclusion functor
OrS(X) τ−→OcS(X)
is right cofinal.
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Proof of Proposition 5.1. If C is a collection of subgroups of S which are centric in X, and C
contains all subgroups of S which are radical in X, then by Proposition 5.2 the inclusion functor
τC :OrS(X) →OC(X)
is clearly right cofinal. If (ΦC, γ, η) is a subgroup diagram (where (ΦC, γ ) is a realization of φC ,
and η :ΦC → BX is a natural transformation), then its restriction to OrS(X) via τC is also a
subgroup diagram, and one has a commutative square
hocolimOrS (X) ΦC ◦ τC hocolimOC(X) ΦC
BX BX,
where the top row is a mod-p equivalence by Theorem A.19.
Since the top and the bottom rows of the commutative diagram are mod-p equivalences, the
left arrow is a mod-p equivalence if and only if the right arrow is. 
The proof of Proposition 5.2 will occupy the rest of the section. The following technical
lemma is our main tool in an inductive proof of Proposition 5.2.
Lemma 5.3. Let X be a p-compact group with a discrete Sylow subgroup S ιS X. Let P  S
be a subgroup which is centric in X, and let
P = P0  P1  P2  · · · Pj  Pj+1  · · ·Q = colim
j
Pj  S
be a sequence of discrete p-toral subgroups, such that for each j  0, Pj is a normal subgroup
of finite index in Pj+1. Then there exists a positive integer j0 such that for all j  j0 the functor
Q↓τ → Pj↓τ,
induced by the inclusion Pj Q, is an equivalence of categories. Here, as before, τ :OrS(X) →
OcS(X) denotes the inclusion.
Proof. Let R  S be a subgroup which is radical in X. Then one has a sequence of maps between
the homotopy fixed point spaces (recall that X/Rˆ is the homotopy fiber of the induced map
BR∧p → BX),
(X/Rˆ)hQ → ·· · → (X/Rˆ)hPj+1 → (X/Rˆ)hPj → ·· · → (X/Rˆ)hP . (2)
Since R is radical, it is also centric by definition, and so all homotopy fixed point sets in the
sequence are either empty or homotopically discrete by Proposition 3.6. Since Pj  Pj+1 for
all j , one has (X/Rˆ)hPj+1 = ((X/Rˆ)hPj )h(Pj+1/Pj ) by [6, Propositions 6.8, 6.9 and Lemma 10.5].
Furthermore, since (X/Rˆ)hPj is either empty or homotopically discrete, and the projection from
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equivalences
(
(X/Rˆ)hPj
)h(Pj+1/Pj )  (π0
(
(X/Rˆ)hPj
))h(Pj+1/Pj ) = (π0
(
(X/Rˆ)hPj
))Pj+1/Pj ,
where the equality follows from the fact that for discrete G-sets homotopy fixed points and fixed
points coincide by definition (in the empty case there is nothing to prove). This shows that all
maps in the sequence (2) above induce monomorphisms on sets of path components.
Since π0((X/Rˆ)hP ) is finite by Proposition 3.6, the induced sequence on sets of path com-
ponents has to stabilize above some sufficiently large j (R), depending only on the isomorphism
class of R in OrS(X). By Proposition 4.4, there are only finitely many isomorphism classes of
objects in this category. Hence one can define j ′0 to be the maximum of all j (R), where R runs
over a set of representatives of isomorphism classes of objects in OrS(X). Thus, for all j  j ′0
and all R ∈OrS(X), one has equivalences
(X/Rˆ)hPj0  (X/Rˆ)hPj  (X/Rˆ)hQ,
where the last equivalence follows from the fact that (X/Rˆ)hQ  holim(X/Rˆ)hPj .
By definition of the undercategory, for all j  0
Obj(Pj↓τ) =
⋃
R∈OrS(X)
MorOcS (X)(Pj ,R) =
⋃
R∈OrS (X)
π0
(
(X/Rˆ)hPj
)
.
What we just showed implies that the sequence of functors
· · · → Pj+1↓τ → Pj↓τ → ·· ·
stabilizes on objects for all j > j ′0.
It remains to show that the sequence stabilizes on morphism sets. The morphism set in
each of the categories Pj↓τ and in Q↓τ , between objects (R, [u]) and (R′, [u′]), is a sub-
set of MorOrS (X)(R,R
′), which is finite for all R,R′ ∈ OrS(X) by Proposition 4.4, and its
cardinality depends only on the isomorphism classes of R and R′ in OrS(X). Moreover, by
Lemma A.18, there is at most one morphism between two objects in the categories Pj↓τ
and Q↓τ . That is, for every pair of objects (R, [u]) and (R′, [u′]) there exists jR,R′ such that
MorQ↓τ ((R, [u]), (R′, [u′])) = MorPi↓τ ((R, [u]), (R′, [u′])) for all i > jR,R′ .
By Proposition 4.4 again, there are only finitely many isomorphism classes of objects in
OrS(X), and so the sequence of functors above must stabilize on morphism sets for all j > j ′′0 for
some sufficiently large j ′′0 . Let j0 = max{j ′0, j ′′0 }. Then for all j > j0 the functor Q↓τ → Pj↓τ
is an equivalence of categories, as claimed. 
Our next aim is to show that the nerve of the undercategories P↓τ are contractible, thus
proving Proposition 5.2. To achieve this one more step is required.
Let X be a p-compact group, and let P ιP X be a centric discrete p-toral subgroup.
By Proposition 3.5, we can choose P in its isomorphism class such that WP
def= OutS(P ) is
a Sylow subgroup of W def= WX(P )  Out(P ). Let N = NX(P ) be the normalizer space for
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∧
p :BP
∧
p → BX and ηP :BN → BX be the natural map [8, Definition 4.4]. Then there is
a diagram
BP∧p
inc
(BιP )
∧
p
BN
ηP
BW
BX
where the row is a fibration, up to homotopy, since the Weyl space WX(P ) is homotopically
discrete. Moreover, since P is a centric subgroup of S, there is an extension
P → NS(P ) q→ WP .
For every p-subgroup π WP , define a discrete p-toral subgroup Pπ  S of X by setting
Pπ = q−1(π). Let απ : (BPπ)∧p → BX be given by the composition of the map induced by
inclusion Pπ NS(P ) S followed by ιS :BS → BX. Notice that (BPπ)∧p is given as the pull-
back space of the system
BN → BW inc←−− Bπ, (3)
and απ is the composition of ηP with the obvious map (BPπ)∧p → BN . Also, by Lemma 3.7,
Pπ is centric in X since it contains P as a subgroup. Thus the class of the inclusion P γπ Pπ is
a morphism in Oc(X).
Let Sp(W) denote the poset category of all non-trivial p-subgroups of W . In general, given
a non-trivial p-subgroup π W , the pull-back diagram (3) defines a subgroup (BPπ)∧p → BX
which is an object in Oc(X). Let π  π ′ W be p-subgroups of W and i ∈ MorSp(W)(π,π ′).
By the universal property of a pull-back (diagram (3) above), one has an induced map
δˆ(i) : (BPπ)
∧
p → (BPπ ′)∧p,
well defined up to homotopy (and hence a corresponding representation [δ(i)] :Pπ → Pπ ′ ), such
that δˆ(i)◦απ  απ ′ . In other words, [δ(i)] is a morphism inOc(X). Moreover, any representative
of [δ(i)] restricts to the homotopy class of the identity on P . By naturality of this construction,
for every discrete p-toral subgroup P  S which is centric in X one gets a functor
δ = δP :Sp(W) →Oc(X)
which takes π W to Pπ , and i ∈ MorSp(W)(π,π ′) to [δ(i)].
Let P  S be a non-radical discrete p-toral subgroup. We define a functor
ρ :P↓τ → Sp(W)
as follows. First notice that if (Q, [h]) is an object in P↓τ , we can fix a representative h :P → Q
and define ρ(Q, [h]) = h−1 OutQ(h(P ))hW . Note that this definition does not depend on the
choice of representatives for [h], and that ρ(Pπ , [γπ ]) = π W .
Given a morphism [g] : (Q, [h]) → (Q′, [h′]), and a fixed choice of representatives h and h′
as above, there is an inclusion ρ([g]) :h−1 OutQ(h(P ))h → (h′)−1 OutQ′(h′(P ))h′ of subgroups
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P γπ Pπ followed by the inclusion in Q is an extension of h up to conjugacy in Q.
Remark 5.4. Given a morphism [h] ∈ MorOS(X)(P,Q), with a fixed representative h, and a
subgroup π i h−1 OutQ(h(P ))hW , there is a factorization [h] = [ιQ] ◦ [δ(i)] ◦ [γπ ] where
ιQ is the inclusion NQ(P )Q, and P γπ Pπ .
Notice that ρ cannot be defined at all if P is radical in X, since in that case (P, [IdP ]) is an
object in the over category, and ρ(P, [IdP ]), as defined above, is the trivial subgroup, which is
not an object of Sp(W).
Lemma 5.5. Given a non-trivial p-subgroup π W , and a minimal (Pπ , [hπ ]) ∈ P↓τ such that
ρ(Pπ ,hπ ) = π , there is an isomorphism of categories π↓ρ ∼= Pπ↓τ .
Proof. We will construct functors R :Pπ↓τ → π↓ρ and L :π↓ρ → Pπ↓τ such that L ◦ R =
IdPπ↓τ and R ◦L = Idπ↓ρ .
The objects in π↓ρ are given by (Q, [h], f ) where (Q, [h]) is an object in P↓τ , and
π f h−1 OutQ(h(P ))h. Given two objects (Q, [h], f ) and (Q′, [h′], f ′), a morphism from
the first to the second is a morphism [g] : (Q, [h]) → (Q′, [h′]) in P↓τ such that ρ([g]) :
h−1 OutQ(h(P ))h → (h′)−1 OutQ′(h′(P ))h′ satisfies ρ([g]) ◦ f = f ′.
Define R on objects as follows. For each object (Q, [h]) in P↓τ fix a representative h. Given
(Q, [g]) in Pπ↓τ , one has two objects (Pπ , [γπ ]) and (Q, [g]◦ [γπ ]) in P↓τ , where P γπ Pπ is
the inclusion, and [g] is a morphism from the first to the second. Applying the functor ρ defined
above, one has a morphism in Sp(W) corresponding to the inclusion
ρ
([g]) :ρ(Pπ, [γπ ]
)= OutPπ (P ) = π → g−1 OutQ
(
g(P )
)
g = ρ(Q, [γπ ] ◦ [g]
)
.
Thus let R(Q, [g]) = (Q, [g] ◦ [γπ ], ρ([g])).
If [h] : (Q, [g]) → (Q′, [g′]) is a morphism in Pπ↓τ , then it is also a morphism in P↓τ from
(Q, [g] ◦ [γπ ]) to (Q′, [g′] ◦ [γπ ]). Since [h] ◦ [g] = [g′], where all morphisms are considered in
P↓τ , one has ρ([h])◦ρ([g]) = ρ([g′]), and so [h] is also a morphism R(Q, [g]) → R(Q′, [g′]).
The functor L takes (Q, [h], f ) in π↓ρ to (Q, [ιQ] ◦ [δ(f )]) in Pπ↓τ , where ιQ is the in-
clusion NQ(P )Q, and a morphism [g] : (Q, [h], f ) → (Q′, [h′], f ′) to itself. Notice that the
definition of L on morphisms makes sense because of the relation pointed out in Remark 5.4 and
Lemma A.18.
From the construction, L ◦R = IdPπ↓τ . Finally,
R ◦L(Q, [h], [f ])= (Q, [ιQ] ◦ [δ(f )] ◦ [γπ ], ρ
([
ιQ
] ◦ [δ(f )]))= (Q, [h], [f ]),
since [ιQ] ◦ [δ(f )] ◦ [γπ ] is a factorization of [h] by Remark 5.4, and ρ([ιQ] ◦ [δ(f )]) = f .
Therefore, R ◦L = Idπ↓ρ . 
We are now ready to conclude the section with a proof of Proposition 5.2, and thus complete
the proof of Proposition 5.1.
Proof of Proposition 5.2. We have to show that for all discrete centric p-toral subgroups P  S
the undercategories P↓τ are contractible. We do this by a descending induction on the order of
objects in Oc (X) (see Definition 2.1).S
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object, and is therefore contractible. Thus, the claim holds for all discrete p-toral radical sub-
groups of X, and in particular for any discrete Sylow subgroup (which is radical by Lemma 3.10).
Let P be an object in C which is not radical. Assume first that the claim holds for every
discrete centric p-toral subgroup Q of the same dimension as that of P , and such that |π0(Q)| >
|π0(P )|. In particular we may assume that for every p-subgroup {1} = π  WX(P ), |Pπ↓τ |
is contractible. By Lemma 5.5, |Pπ↓τ |  |π↓ρ|, and so the functor ρ is right cofinal. Hence
|P↓τ |  |Sp(W)|, and the right-hand side is contractible since W is not p-reduced (see [15]).
Next, assume that the claim holds for all subgroups whose dimension is strictly larger than
that of P , and that it does not hold for P . By the previous paragraph, there must exist a non-trivial
p-subgroup π WX(P ), such that |Pπ↓τ | is not mod-p acyclic. Let
P1
def= Pπ,
and notice that P γπ P1 is a proper subgroup since π is non-trivial. Repeating this argument
produces a chain of infinite length
P  P1  · · ·  Pn  · · ·
of centric discrete p-toral subgroups. Furthermore, since all Pn have the same cohomological
dimension, and since all homomorphisms Pn → Pn+1 are proper monomorphisms, the order of
π0(Pn) must increase strictly with n. Let Q
def= colimn Pn and let Q be the resulting subgroup
of X. Then, dim(Q)  dim(P ) and, by Lemma 5.3, |Q↓τ |  |Pn↓τ | for all sufficiently large
values of n. Therefore, the claim cannot hold for Q, which contradicts the induction hypothesis
and we have shown that |P↓τ | is contractible. 
6. Subgroup ampleness of centric subgroups and centralizer ampleness of elementary
abelian subgroups
This section contains the proof of Theorem C. The core of the proof is a comparison result
between the homotopy type of homotopy colimits over Oc(X) and Fe(X)op.
Let X be a p-compact group, and fix a discrete Sylow subgroup S ιS X. We start by con-
structing a functor E :OcS(X) →FeS(X)op. Let P  S be a subgroup which is centric in X. Define
E(P ) Z(P ) to be the maximal elementary abelian subgroup of Z(P ) (see Lemma A.13). Then
E(P ) is an elementary abelian subgroup of X via the inclusion to P followed by P ιP X. The
following lemma shows how to define E on morphisms, and will be useful throughout the section.
Lemma 6.1. Let X be a p-compact group with a discrete Sylow subgroup S ιS X. Let P,Q S
be subgroups which are centric in X. Then for every morphism [h] :P → Q in OcS(X), there is
a unique homomorphism E[h] : E(Q) → E(P ) such that the diagram
BE(P )
inc
BP
h
BE(Q)
BE[h]
inc
BQ
commutes up to homotopy.
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up to conjugation in Q. Since h(P ) is centric in Q by Lemma 3.2, Z(h(P )) = CQ(h(P )) 
Z(Q). Define E[h] to be the composite
E(Q) Z(Q)Z
(
h(P )
) h−1|Z(h(P ))−−−−−−→ Z(P ).
Since E(P ) and E(Q) are fully characteristic, the image of this composite is in E(P ). Since
conjugation in Q leaves Z(Q) fixed, the definition does not depend on the choice of h. Com-
mutativity of the square above is clear, and implies uniqueness because all morphisms in the
diagram are monomorphisms. 
Lemma 6.1 defines E on morphisms in OcS(X), and shows that E :OcS(X) →FeS(X)op is well
defined as a functor (that E respects composition follows from the uniqueness statement in the
lemma). The next proposition provides a useful identification of overcategories of E.
Proposition 6.2. Let X be a p-compact group with a discrete Sylow subgroup S ιS X. Let
E0  S be an elementary abelian subgroup and let S0  CX(E0) be a discrete Sylow subgroup.
Then there is an equivalence of categories
ΘE0 :OcS0
(
CX(E0)
)→ E↓E0.
Moreover, this equivalence is natural with respect to morphisms in FeS(X).
Proof. Fix an elementary abelian subgroup E0  S and a discrete Sylow subgroup S0 
CX(E0). By Proposition 2.4, we can assume S0 = CS(E0). Objects in the overcategory E ↓ E0
are pairs (P,f ), where P  S is centric in X, and f :E0 → E(P ) is a morphism in FeS(X).
A morphism [h] : (P,f ) → (P ′, f ′) is determined by a morphism [h] :P → P ′ in OcS(X), such
that E[h] ◦ f ′ = f in FeS(X).
If P  S0 is an object in OcS0(CX(E0)), then E0 jP E(P ). Define
ΘE0(P ) = (P, jP ).
Notice that this is well defined, since P  S0  S is centric in X by Lemma 3.8. For a mor-
phism [h] :P → P ′ in OcS0(CX(E0)), let ΘE0([h]) = [h]. Since [h] also represents a morphism
in OcS(X), and since E[h] : E(P ′) → E(P ) restricted to E0 is the identity by construction, this is
well defined.
Define a functor TE0 : E↓E0 → OcS0(CX(E0)) as follows. Given an object (P,f ) in E↓E0,
consider the composite
BP
ιP−→ BCX
(
E(P )
) Bf #−−→ BCX(E0).
Since S0 is a discrete Sylow subgroup in CX(E0), there exists a subgroup Pf  S0, unique up to
CX(E0)-conjugacy, such that (BPf ,BιPf ) and (BP,Bf # ◦ ιP ) are isomorphic as objects over
BCX(E0). For each object (P,f ), fix a choice of an isomorphism (as objects in O(CX(E0))).
[αPf ] : (Pf ,BιPf ) →
(
P,Bf # ◦ ιP
)
.
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[α−1Qg ] ◦ [h] ◦ [αPf ]. In particular we may require that if P  S0, then TE0(P, jP ) = P , and that
in that case [αP ] = [1P ]. To see that TE0 is well defined it suffices to show that the diagram
BP
h
BQ
BCX(E(P ))
E[h]#
f #
BCX(E(Q))
g#
BCX(E0)
commutes. Indeed, the triangle commutes since E[h] ◦ g = f , and the rectangle by construction
of E[h], and so the diagram is homotopy commutative. Clearly TE0 depends on the choices made
only up to a natural isomorphism.
Clearly, TE0 ◦ ΘE0 = 1OcS0 (CX(E0)). On the other hand, ΘE0 ◦ TE0(P,f ) = (Pf , jPf ), and so
to complete the proof we must produce an isomorphism in E↓E0 between (P,f ) and (Pf , jPf ).
But, by Lemma 6.1 one has a commutative diagram of discrete abelian p-toral groups:
E(P )
inc Z(P )
E0
[f ]
[jPf ]
E(P ′)
E[αPf ]∼=
inc Z(P ′).
∼=
Thus [αPf ] gives the necessary isomorphism, and ΘE0 is an equivalence of categories as claimed.
Finally, it follows from the construction that if α ∈ HomF eS(X)(E1,E0), the square
OcS0(CX(E0))
α∗
ΘE0
OcS1(CX(E1))
ΘE1
E↓E0
E↓α
E↓E1
commutes. Notice that the existence of the functor on centric orbit categories is guaranteed by
Lemma 3.8. This proves the naturality statement. 
The next proposition is a key ingredient in our analysis, as it sets the ground for an inductive
proof of the equivalence of statements (i) and (ii) in Theorem C. Recall that Ψ :FeS(X)op → Sp
is the functor that takes a subgroup E  S to the mapping space Map(BE,BX)ι, where ι is the
composite BE → BS → X, and a morphism to the induced map.
518 N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534Proposition 6.3. Let X be a p-compact group with a discrete Sylow subgroup S ιS X. As-
sume that for every non-trivial elementary abelian p-subgroup E0  S, and any discrete Sylow
subgroup S0 of CX(E0), the collection of all subgroups of S0 which are centric in CX(E0) is
subgroup-ample for CX(E0). Let (Φ,γ, η) be a subgroup diagram for X, where
Φ :OcS(X) → Sp,
let E :OcS(X) → FeS(X)op be the functor constructed above, and let LE(Φ) denote the left ho-
motopy Kan extension of Φ along E. Then, there exists a natural transformation ρ :LE(Φ) → Ψ
such that the triple
(
LE(Φ),ρ,LE(η)
)
is a centralizer diagram for X naturally equivalent to the standard centralizer diagram (Ψ,1, ev).
Proof. The left Kan extension is defined as follows
LE(Φ)(E0) = hocolim
E↓E0
Φ.
Given an object (P,f ) in E↓E0, since f (E0) is a central subgroup of P , there is a map which
is natural with respect to morphisms in E ↓ E0
BE0 ×Φ(P ) μ(Bf×Id)−−−−−−→ Φ(P ) η(P )−−−→ BX,
where μ is induced by group multiplication. By adjointness, we get a map
ρ(E0) :LE(Φ)(E0) → Map(BE0,BX)ι
where ι is the composite BE0 → BS0 → BS → X. Moreover, this construction in natural in FeS .
That is, given α ∈ HomF eS(X)(E0,E1), the functor α : E↓E1 → E↓E0 induces a commutative
diagram
BE0 ×Φ(P )
μ(B(f ◦α)×Id)
Bα×id
Φ(P )
η(P )
=
BX
=
BE1 ×Φ(P )
μ(Bf×Id)
Φ(P )
η(P )
BX.
Summarizing, we have defined a natural transformation ρ : LE(Φ) → BCX(−).
Finally, the morphism BE0 × Φ(P ) μ(Bf×Id)−−−−−−→ Φ(P ) η(P )−−−→ BX induces a commutative dia-
gram
BE0 ×LE(Φ)(E0)
μ(Bf×Id)
μ(Bf×LE(η)(E0))
LE(Φ)(E0)
LE(η)(E0)
BX
Id
BX
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LE(Φ)(E0)
id
ρ(E0)
LE(Φ)(E0)
LE(η)
BCX(E0)
ev
BX.
It remains to check that LE(Φ) is a centralizer diagram. By Proposition 6.2, the functor ΘE0
induces a homotopy equivalence
hocolim
OcS0 (CX(E0))
Θ∗E0(Φ)  hocolimE↓E0 Φ.
Notice that Θ∗E0(ρ) defines a natural transformation between Θ
∗
E0
(Φ) and BCX(E0). Therefore,
Θ∗E0(Φ) is a subgroup diagram for BCX(E0) which, by hypothesis, is a decomposition. This
shows that ρ is an equivalence between LE(Φ) and Ψ , and so that LE(Φ) is a centralizer diagram
for BX. 
We are now ready to prove the equivalence of statements (i) and (ii) in Theorem C. The
following proposition claims the equivalence of two more general statements, which implies the
equivalence claimed in the theorem. The proposition makes use of the concept of the order |X|
of a p-compact group X, i.e., the pair (dX, oX), where dX is the cohomological dimension of X,
and oX = |π0(X)| (see Definition A.5). These pairs are ordered lexicographically.
Proposition 6.4. Fix an ordered pair of non-negative integers (d, o). Then the following state-
ments are equivalent.
(i) For every p-compact group X with a discrete Sylow subgroup S, such that |X| (d, o), the
collection of all subgroups of S which are centric in X is subgroup-ample.
(ii) For every p-compact group X with a discrete Sylow subgroup S, such that |X| (d, o), the
collection of all elementary abelian subgroups 1 = E  S is centralizer-ample.
Proof. (i) ⇒ (ii). Fix a p-compact group X of order |X| (d, o) with a discrete Sylow subgroup
S X. For any elementary abelian subgroup E  S, |CX(E)| (d, o) (see Lemma A.6). Hence,
assumption (i) applied to CX(E) for any elementary abelian E  S is that for any discrete Sylow
subgroup S′  CX(E), the collection of all subgroups Q  S′ which are centric in CX(E) is
subgroup-ample. Thus the hypotheses of Lemma 6.3 are satisfied, and it follows that if Φ is a
subgroup diagram for X with respect to the collection of all P  S which are centric in X, then
the left Kan extension LE(Φ) is a centralizer diagram for X with respect to all elementary abelian
subgroups E  S. Furthermore, one has a commutative diagram
hocolimOcS(X) Φ 
η
hocolimF eS(X)op LE(Φ)
ρ

LE(η)
hocolimF eS (X)op Map(−,BX)−
ev
BX BX BX,
(4)
520 N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534where the first equivalence is given by the property of the left homotopy Kan extension with
respect to homotopy colimits (see [9, §4]). Hence if Φ is a subgroup decomposition of X, then
LE(Φ) is a centralizer decomposition. In particular, assuming (i) for X, every subgroup diagram
for X with respect to the collection of all subgroups P  S which are centric in X, is a subgroup
decomposition. Hence (ii) holds for X.
(ii) ⇒ (i). Notice first that for finite p-groups P (i.e., p-compact groups of cohomological
dimension 0), (i) and (ii) hold independently of each other (since in this situation the fusion
category has an initial object E  Z(P ), and the orbit category has a terminal object P ).
Assume by induction that (ii) ⇒ (i) for all p-compact groups Y such that |Y | < (d,o). Let X
be a p-compact group of order (d, o), and assume (ii) holds for X. We must show that (i) hold
for X as well.
Consider first the special case where X is center-free. With this assumption |CX(E)| < |X|
by Lemma A.6, for any non-trivial elementary abelian subgroup E  S. For a fixed elemen-
tary abelian subgroup E  S, assumption (ii), applied to CX(E) is that for any discrete Sylow
subgroup S′  CX(E) the collection of all non-trivial elementary abelian subgroups F  S′ is
centralizer-ample for CX(E). By induction hypothesis, the collection of all subgroups Q  S′
which are centric in CX(E) is subgroup-ample. Let Φ :OcS(X) → Sp be a subgroup diagram,
which exists by Proposition B, and let LE(Φ) denote the left Kan extension of Φ along E. The
hypotheses of Proposition 6.3 are satisfied, and it follows that LE(Φ) is a centralizer diagram
for X with respect to the collection of all elementary abelian subgroups F  S. Assumption (ii)
applied to X is that this collection is centralizer-ample, and so there are homotopy equivalences
over BX (see diagram (4))
hocolim
OcS(X)
Φ  hocolim
F eS (X)op
LE(Φ)  BX.
The first equivalence follows again by the property of the left homotopy Kan extension [9, §4]
with respect to homotopy colimits, and the second by ampleness of the collection of elementary
abelian p-subgroups. This shows that the collection of all subgroups P  S which are centric in
X is subgroup-ample and completes the proof in this case.
Let X be an arbitrary p-compact group of order (d, o). By Proposition 5.1, the collection
of all subgroups P  S which are centric in X is subgroup-ample if and only if the collection
of all subgroups of S which are radical in X is subgroup-ample. By Proposition A.12, X is an
extension of a center-free p-compact group X′ by a p-compact toral group K . Let S′ be a discrete
Sylow subgroup for X′. By Proposition 4.3, it suffices to show that the collection of all subgroups
P ′  S′ which are radical in X′ is subgroup-ample, which is equivalent to the statement that the
collection of all subgroups of S′ which are centric in X′ is subgroup-ample, by Proposition 5.1
again. But |X′| |X| and X′ is center-free, in which case we have already proven the claim. This
completes the proof in the general case. 
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Appendix A. p-Compact groups
A p-compact group is a triple (X,BX,e) such that X is Fp-finite, BX is pointed and
p-complete, and e :X → ΩBX is a homotopy equivalence. The space BX is called the clas-
sifying space of X.
A.1. Homomorphisms
A homomorphism f :X → Y of p-compact groups f :X → Y is a pointed map Bf :BX →
BY between their classifying spaces. The homotopy fibre of Bf is denoted by Y/f (X).
Definition A.1. A homomorphism of p-compact groups f :X → Y is said to be
• a monomorphism if Y/f (X) is Fp-finite,
• an epimorphism if Y/f (X) is the classifying space of a p-compact group, and
• an isomorphism if Bf is an homotopy equivalence.
A short exact sequence of p-compact groups is a sequence of homomorphisms X f−→ Y g−→ Z
such that BX Bf−−→ BY Bg−−→ BZ is a fibration, up to homotopy. Such a short exact sequence is
also called an extension of Z by X.
The behavior of monomorphisms and epimorphisms between p-compact groups with respect
to composition was considered in several papers (e.g. [6,8,13]). The following lemma gives a
summary for future reference.
Lemma A.2. Let X g−→ Y f−→ Z be homomorphisms of p-compact groups.
(i) If f ◦ g is a monomorphism, then g is a monomorphism.
(ii) If g is a monomorphism and f ◦ g is an epimorphism, then f is an epimorphism.
(iii) If f is a monomorphism and an epimorphism then it is an isomorphism.
Proof. (i) is implicit in [6, Theorem 7.3] and [13, Theorem 2.17]. For (iii), see [6, Remark 3.3].
To prove (ii), consider the following diagram of fibrations
Ω(Z/f (Y )) Y/g(X) BK
∗ BX
g
=
BX
f ◦g
Z/f (Y ) BY
f
BZ
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composite f ◦ g is an epimorphism. The space Z/f (Y ) is p-complete, being the homotopy
fibre of a map between p-complete spaces, and Ω(Z/f (Y )) is Fp finite by inspection of the
Serre spectral sequence of the fibration K → Ω(Z/f (Y )) → Y/g(X). Hence, Z/f (Y ) is the
classifying space of a p-compact group, which means that f is an epimorphism. 
A.2. Subgroups, maximal tori, and Sylow subgroups
One of the most important concepts in this paper is that of a subgroup.
Definition A.3. A subgroup of a p-compact group X is a pair (Y,α), where Y is a p-compact
group, and α :BY → BX is a monomorphism.
A p-compact torus of rank n is a p-compact group T such that
BT  K((Z∧p
)n
,2
) (B(Z/p∞)n)∧
p
,
where Z/p∞ is the direct limit of all cyclic groups Z/pr under inclusion. The group (Z/p∞)n
is called a p-discrete torus or a discrete approximation for T (where the prime p is understood).
A maximal torus of a p-compact group X is a subgroup (TX,α), where TX is a p-compact torus,
which is maximal in the sense that if (T ,β) is any other subgroup with T a p-compact torus,
then there exists a homomorphism k :T → TX such that β  α ◦ k.
Theorem A.4. (See [6, Theorem 8.13].) Any p-compact group admits a maximal torus unique
up to conjugacy.
The next useful concepts we introduce are those of the order of a p-compact group, and the
index of a subgroup.
Definition A.5. Let X be a p-compact group. Define the order of X to be the pair (dX, oX), where
dX is the mod-p cohomological dimension of X and oX is the order of its group of components.
The order of X is denoted by |X|. If Y is another p-compact group, then we say |Y |  |X|
if dY < dX or if dY = dX and oY  oX . More generally, if Y  X is a subgroup, define the
index of Y in X, denoted as usual |X :Y |, to be the pair (dX/Y , oX/Y ), where dX/Y is the mod-p
cohomological dimension of X/Y , and oX/Y the order of the set of components of X/Y . Thus
|X| = |X : 1|. We say that Y is a subgroup of X of finite index, or of index n, if |X :Y | = (0, n)
for some n (essentially finite).
Similarly, for a compact Lie group G, define the order |G| of G to be the pair (dG,oG), where
dG is the dimension of G, and oG
def= |π0(G)|. Lexicographical ordering, as above, endows the
class of all compact Lie groups with a linear order.
The next lemma shows that the order behaves as one would expect under taking subgroups.
Lemma A.6. Let X be a p-compact group and let Y α X be a subgroup. Then |Y | |X| with
equality holding if and only if α is an isomorphism.
Proof. By [6, Proposition 6.15], dX = dY + dX/Y . Hence dY  dX with equality if and only if
dX/Y = 0, i.e., if and only if X/Y is homotopically discrete. By [6, Remark 6.16] this is the case
if and only if α induces a homotopy equivalence between Y and a union of components of X,
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homotopy equivalence, i.e., an isomorphism of p-compact groups. 
A p-compact toral group is a p-compact group P , which is an extension of a finite p-group
π by a p-compact torus. An important family of p-compact toral subgroups of any p-compact
group is the collection of its maximal p-compact toral subgroups, which behaves in many ways
like Sylow p-subgroups do in a finite group.
Definition A.7. A Sylow subgroup of a p-compact group X is a p-compact toral subgroup
S ι X, which is maximal in the sense that every other p-compact toral subgroup P α X factors
through it. In other words, there exists a homomorphism BP f−→ BS such that ι ◦ f  α.
Notice that a Sylow subgroup of X is unique up to conjugacy. Since the prime p is fixed
and since a p-compact toral group is in general not a p-group, we omit the prime p from the
terminology and use “Sylow subgroup,” rather than “Sylow p-subgroup.”
By [7, Proposition 2.10] the p-normalizer Np(T ) of the maximal torus in a p-compact group
X is a subgroup such that χ(X/Np(T )) is relatively prime to p, and by Proposition 2.14 in the
same paper Np(T ) is a Sylow subgroup of X in the sense defined here. With the existence of at
least one Sylow subgroup granted, the following lemma demonstrates the analogy of our concept
with Sylow p-subgroups in the usual sense.
Lemma A.8. Let X be a p-compact group, and let P α X be a p-compact toral subgroup.
Then the following conditions are equivalent.
(i) (P,α) is a Sylow subgroup in X.
(ii) The Euler characteristic χ(X/P ) is not divisible by p.
(iii) (P,α) is a p-compact toral subgroup of maximal order.
Proof. The implication (ii) ⇒ (i) is [7, Proposition 2.14]. Conversely, if (P,α) is a Sylow sub-
group for X, then (P,α) is conjugate to Np(T ), and hence χ(X/P ) = χ(X/Np(T ), which is
relatively prime to p, by [12, Theorem 1.2].
Next we prove (i) ⇒ (iii). Let (P,α) be a Sylow subgroup of X, and let Qβ X be any other
p-compact toral subgroup. Then, by definition, there is a monomorphism f :BQ → BP , and by
Lemma A.5, |Q| |P |, so P is a subgroup of maximal order.
Finally we show (iii) ⇒ (i). Let (P,α) be a p-compact toral subgroup of X of maximal
order, and let (Q,β) be a Sylow subgroup. Then there is a monomorphism f :P → Q such that
β ◦ f  α. But, by the previous argument, |P | |Q|, and so by maximality |P | = |Q|, and f is
an isomorphism. This shows that (P,α) is also a Sylow subgroup. 
A.3. Centralizers and centers
Let X be a p-compact group and let Y α X be a subgroup. The centralizer of (Y,α) in X is
defined to be the loop space of the space
BCX(Y,α)
def= Map(BY,BX)α.
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CX(P,α) is a p-compact group.
Proof. [6, Propositions 5.1 and 6.1]. 
Next we define the center of a p-compact group.
Definition A.10. A subgroup Z α X is said to be central if CX(Z) ∼= X, or in other words if
ev : Map(BZ,BX)α → BX is a homotopy equivalence. A central subgroup of X is said to be the
center of X, if every other central subgroup factors through it. A p-compact group X is said to
be center-free if it has no non-trivial central subgroup.
For a p-compact group X, Dwyer and Wilkerson showed that
Z(X) = Ω Map(BX,BX)id
is an abelian p-compact toral group and has the property that the evaluation map BZ(X) → BX
is, up to homotopy, a final object among all central monomorphisms into X [7, Theorems 1.2
and 1.3]. Thus, whenever we say “the center of X,” we mean the subgroup (Z(X), ev). Notice
that X is center-free if and only if Z(X) is weakly contractible.
Remark A.11. If the Sylow subgroup S of a p-compact group X is central, then they are
equivalent since the p-compact group quotient X/Z(X) is trivial (there are no non-trivial maps
BZ/p → B(X/Z(X))).
The following lemma is useful in reducing certain claims to the center-free case. The notion
of an extension of p-compact groups was defined in Definition 4.1.
Lemma A.12. Every p-compact group X is an extension of a center-free p-compact group by a
p-compact toral group.
Proof. For a p-compact group X we denote by X0 the component of the identity element and
by π = π0(X) the group of components. The canonical fibration
BX0 → BX → Bπ
is classified by a map Bπ α−→ B Aut(BX0). Note that BX0 is the 1-connected cover of BX where
the fundamental group π of BX acts freely.
Let Z0 = Z(X0) be the center, and let X′0 = X0/Z0 be the center-free quotient of X0 (see
[7, Theorem 6.3]). The classifying space of BX′0 is described by the Borel construction of the
action of the topological group BZ0 on Map(BZ0,BX0)ι,
BX′0 
(
Map(BZ0,BX0)ι
)
.hBZ0
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sider BX′ to be the p-compact group B(X/Z0) = (Map(BZ0,BX0)ι)hBZ0/π . There is a com-
mutative diagram of extensions of p-compact groups
BX0 BX Bπ
=
BX′0 BX′ Bπ.
If X′ is center-free, we are done, as we have presented X as an extension of a center-free p-
compact group by Z0, and abelian p-compact group (in particular p-compact toral). Otherwise,
let Z′ = Z(X′) be the center of X′. Since X′0 is center-free, the composite BZ′ → BX′ → Bπ
is a monomorphism, and Z′ is a central subgroup of π . Taking the quotients of X′ and π by Z′
gives a commutative diagram of extensions of p-compact groups
BX′0
=
BX′ Bπ
BX′0 BX1 Bπ1,
where |π1|  |π |. Notice that the homotopy fibre of the homomorphism BX → BX1 is an exten-
sion of Z′, which is a finite abelian p-group, by Z0 which is an abelian p-compact group. Thus
the homotopy fibre is the classifying space of a p-compact toral group.
If X1 is center-free, the proof is complete. Otherwise, divide X1 by its center, which by the
same argument as above is also a central subgroup of π1, to obtain an extension X2 of a fi-
nite p-group π2, with |π2|  |π1|, by X′0, and such that the homotopy fibre of the projection
BX → BX2 is the classifying space of a p-compact toral group. Applying this process repeat-
edly yields in finitely many steps (since π is finite) a p-compact group quotient Y of X, such that
Y is center-free, and the homotopy fibre of the projection BX → BY is the classifying space of
a p-compact toral group. 
Next, we consider the maximal central elementary abelian subgroup of a p-compact group.
Lemma A.13. Any p-compact group X admits a maximal central elementary abelian subgroup
E(X).
Proof. Since Z(X) is an abelian p-compact toral group, it admits a maximal elementary abelian
p-subgroup of E(X)ι Z(X).
The subgroup (E(X), ι) is clearly maximal in the sense that if F β X is any other cen-
tral elementary abelian p-subgroup of X, then β factors up to homotopy through BE(X). This
follows from the fact that (Z(X), ev) is a final object among all central subgroups [7, Proposi-
tion 1.2]. 
Remark A.14. Notice that the symbol E(X) is used elsewhere to denote a functor. The reader
should not be confused by this abuse of notation. If X is a p-compact toral group and Xˇ is a
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of X. With this setup, it is possible to define E(X) canonically. We choose to use the same
symbol here to emphasize that it is practically the same construction we discuss here, but without
specifying discrete approximations.
Remark A.15. Let Y α X be a subgroup, let E(Y )Z(Y ) denote a maximal central elementary
abelian subgroup and consider the maps δ and  given by the composites
δ
def= (BY ×BE(Y ) → BY ×BZ(Y ) mult−−→ BY α−→ BX)
and

def= (E(Y ) →Z(Y ) → Y α−→ X).
Then the map ad(δ) :BY → Map(BE(Y ),BX) makes the following diagram homotopy com-
mutative
BY
ad(δ)
α
Map(BE(Y ),BX)
ev
BX.
Thus Y  CX(E(Y ))X is a factorization of Y α X.
A.4. Homotopy fixed points
For a group G and a G-space Z, we denote by ZhG the homotopy fixed point space of Z
under the action of G, i.e., the space MapG(EG,Z), where EG is a free contractible G-space,
or equivalently the space of sections of the Borel construction
ZhG
def= Z ×G EG → ∗ ×G EG = BG.
A proxy action of G on Z is a space W homotopy equivalent to Z together with an action
of G on W (see [6, Section 10]). Standard constructions on G-spaces can be defined for proxy
actions. In [6, Lemma 10.4], Dwyer and Wilkerson show that given a fibration p :E → BG,
there is a proxy action of G on the homotopy fiber F of p such that FhG is homotopy equivalent
to the space of sections of p. The notions of proxy actions and homotopy fixed points are defined
analogously when G is a p-compact group.
In this context, given a subgroup Y α X, one can replace α by a fibration and consider a
proxy action of X on the homogeneous space X/Y . If Z β X is another subgroup, considering
the pull-back fibration, one can easily identify the space of homotopy fixed points (X/Y )hZ with
the homotopy fiber of
Map(BZ,BY){γ } → Map(BZ,BX)β
N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534 527where {γ } is the set of components which are homotopic to β when composed with α. In partic-
ular, there is an epimorphism
π0
(
(X/Y )hZ
)
HomO(X)
(
(Z,β), (Y,α)
)
.
Proposition A.16. Let X be a p-compact group, QX be p-compact toral subgroup of X, and
P a discrete p-toral group. Given an increasing sequence P0  P1  · · ·  P = colimn Pn of
discrete p-toral groups, there exists an N > 0 such that (X/Q)hP  (X/Q)hPi for any i > N .
Proof. Let Tn be the kernel of the composite Pn → Pˇ → π , where π = π0(BP∧p ). Then Tˇ def=
colimn Tn is a maximal discrete p-torus of P , and for a sufficiently large n, the map Pn → π is
an epimorphism. For each n one has a map
(X/Q)hP  ((X/Q)hT )hπ → ((X/Q)hTn)hπ  (X/Q)hPn .
Hence, if we show that for n sufficiently large the map (X/Q)hTn → (X/Q)hT is an equivalence,
then the lemma holds for all p-compact toral groups.
Thus assume P = T , a p-compact torus. Given an increasing sequence of discrete p-toral
groups T0  T1  · · · T = colimn Tn, there are only a finite number of steps of infinite index.
Therefore, it is enough to consider the case in which Tˇ = colimTn is a p-discrete approximation.
Let ιn be the restriction of ιT :BT → BX to BTn. Then, there is a homotopy commutative
diagram of fibrations
(X/Q)hTn+1 (X/Q)hTn
Map(BTn+1,BQ){ιn+1}
inc
ιQ
Map(BTn,BQ){ιn}
ιQ
Map(BTn+1,BX)ιn+1
inc Map(BTn,BX)ιn
(A.1)
where {ιk} is the set of homotopy classes of maps BTk f−→ BQ such that ιQ ◦ f  ιk . Notice that
the sets {ιk} are finite sets, since by [6, Theorems 4.6 and 5.8], (X/Q)hTk is Fp-finite for all k.
Next we show that, for n sufficiently large, the map between the total spaces in the diagram
above induces a monomorphism on the sets of components. This is equivalent to the claim that,
if f,g :BTn+1 → BQ are two maps whose homotopy classes are contained in {ιn+1}, and such
that their restriction to BTn are homotopic, then f  g. In other words, if f and g are as above
and both render the diagram
BTn
ιn
j
BQ
ιQ
BTn+1
ιn+1
f
g
BX
homotopy commutative, then f  g.
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gives a homotopy commutative diagram
BTn
j#
ιn
BCQ(Tn)
ιQ#
BTn+1
hn+1#
f#
g#
BCX(Tn).
For n sufficiently large, the map BCX(Tn+1) → BCX(Tn) is an equivalence by [6, Proposi-
tion 6.18], and hence the composite
BTn+1 → BCX(Tn+1) → BCX(Tn)
is central. By [7, Lemma 6.5] it now follows that f  g and hence that f  g by evaluation.
We have thus shown that, for n sufficiently large, the map between total spaces in diagram
(A.1) above induces a monomorphism on path components. Hence the sequence of path compo-
nents stabilizes, and is equal to the set {ιT } which is finite. By [6, Proposition 6.18] again, the map
between components of total spaces in the diagram is a homotopy equivalence for n sufficiently
large. Hence for such an n, the induced map on homotopy fibres is a homotopy equivalence, and
the result follows. 
Corollary A.17. For any p-compact toral subgroups P α X and Q β X, (X/Q)hP is Fp-
finite and χ((X/Q)hP ) ≡ χ(X/Q) mod p. In particular, MorO(X)(P,Q) is finite.
If P is centric, then (X/Q)hP is either empty or it is homotopically discrete. If X is p-compact
toral and P is a proper subgroup of X, then the group AutO(X)(P ) is a non-trivial finite p-group.
Proof. By Proposition A.16, applied to a discrete approximation Pˇ = colimPn of P , (X/Q)hP 
(X/P )hK , for some finite p-group K . By [6, Proposition 5.8], for every subgroup LK , each
component of (X/Q)hL is p-complete. Hence by [6, Theorem 4.6], (X/Q)hP  (X/Q)hK is
Fp-finite and χ((X/Q)hP ) ≡ χ(X/Q) mod p. The map
π0
(
(X/Q)hP
)
HomO(X)
(
(P,α), (Q,β)
)
induced by the fibration
(X/Q)hP → Map(BP,BQ){α} → Map(BP,BX)α,
where {α} = HomO(X)((P,α), (Q,β)), is exhaustive. This shows that the morphism set
HomO(X)((P,α), (Q,β)) is finite since π0((X/Q)hP ) is so.
Assume now that P is centric. The homotopy fibre of the map
β# : Map(BP,BQ){α} → Map(BP,BX)α
is (X/Q)hP by [6, Lemma 10.4], and β# is a homotopy equivalence on each compo-
nent by Lemma 3.2. Hence (X/Q)hP is homotopically discrete, and the morphism set
MorO(X)((P,α), (Q,β)), given by the set of components {α}, is in 1–1 correspondence with
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OS(X) is immediate.
If X is p-compact toral and S ι−→ X is a discrete approximation, by Propositions 3.5 and 2.6,
WX(P ) is a finite p-group isomorphic to NS(P )/P = (S/P )P , which is non-trivial since
χ((X/Q)hP ) ≡ χ(X/Q) mod p. 
Finally, an interesting observation on morphisms in the orbit category of a p-compact group:
Lemma A.18. Let X be a p-compact group X, with a discrete Sylow subgroup S  X. Then
every morphism in OcS(X) is an epimorphism in the categorical sense, i.e., if P,Q,R  S are
objects, and [f ] :P → Q, and [g], [h] :Q → R are morphisms such that [g] ◦ [f ] = [h] ◦ [f ],
then [g] = [h].
Proof. By Proposition 3.6, since all subgroups in question are centric in X, it suffices to show
that for P , Q, R and f as above, the induced map
(X/Rˆ)hQ
f ∗−→ (X/Rˆ)hP (A.2)
is injective on components. From now on, we identify P as a subgroup of Q. Let T Q denote
the maximal torus in Q. Let Tr  T denote the subgroup of all elements of order at most pr .
Then
P  P · T1  · · · P · Tr  · · · P · T Q
all inclusions are of (finite) p-power index, and all subgroups are centric in X. Hence the se-
quence can be refined to a sequence of inclusions
P = P0  P1  · · · P · T = Q0 Q1  · · ·Qs = Q, (A.3)
where each subgroup is normal of p-power index in the following one (and is centric in X).
Hence the map (A.2) can be refined into a sequence
(X/Rˆ)hP0 ← (X/Rˆ)hP1 ← ·· · ← (X/Rˆ)hQ0 ← ·· · ← (X/Rˆ)hQ.
By Proposition A.16 there exists n > 0 big enough such that (X/Rˆ)hPi ←− (X/Rˆ)hQ0 for all
i > N . Now, let Ui Ui+1 be any two consecutive groups in the sequence (A.3). Then
(X/Rˆ)hUi+1  ((X/Rˆ)hUi )h(Ui+1/Ui)  π0
(
(X/Rˆ)hUi
)Ui+1/Ui ,
where the last equivalence follows since (X/Rˆ)hUi is homotopically discrete, and the projection
to its set of component is equivariant. This shows that each map in the refinement of (A.2) is a
monomorphism, and hence that the map (A.2) itself is a monomorphism. 
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A standard reference for this material is [9]. Let F :C −→ D be a functor between small cat-
egories. For an object d ∈ D, the undercategory d↓F is the category with objects given by
pairs (c,α), where c is an object in C, and α :F(c) → d is a morphism in D. A morphism
(c,α) → (c′, α′) in d↓F is a morphism ϕ : c → c′ in C, such that α′ ◦ F(ϕ) = α. The functor
F is said to be right cofinal (respectively mod-p right cofinal) if the nerve of the undercategory
d↓F is contractible (respectively mod-p acyclic) for every object d inD. The overcategory F↓d
is defined by analogy, and F is said to be left cofinal (respectively mod-p left cofinal) if F↓d is
contractible (respectively mod-p acyclic) for every d ∈D.
Theorem A.19. If F :C→D is right cofinal (respectively mod-p right cofinal) and φ :D→ Sp
is any functor then the induced map
hocolim
C
φ ◦ F → hocolim
D
φ
is a homotopy equivalence (respectively mod-p homology equivalence).
The mod-p right cofinality statement in Theorem A.19 can be easily obtained by adapting the
proof in [9].
Let C F−→ D be a functor between small categories, and let C φ−→ Sp be any functor. The left
homotopy Kan extension of φ along F is the functor LF (φ) :D→ Sp defined on objects by
LF (φ)(d)
def= hocolim
F↓d φ ◦ ι,
where ι :F↓d → C is the obvious functor taking (c,α) to c. The left homotopy Kan extension
has the property that there is a natural homotopy equivalence
hocolim
D
LF (φ)  hocolimC F.
Appendix B. Subgroup decompositions for classifying spaces of compact Lie groups
The main theorem of this paper is the existence of a subgroup homology decomposition for
p-compact groups with respect to the collection of all their radical subgroups. The first such de-
composition was constructed for classifying space of compact Lie groups by Jackowski, McClure
and Oliver [11]. In this appendix we show that our main theorem is in fact a generalization of the
Jackowski–McClure–Oliver result. By this we mean that the orbit category of radical subgroups,
as defined in [11], is equivalent to the orbit category of radical subgroups constructed in this
paper from the homotopy type of the respective p-completed classifying space. Furthermore, the
decomposition functor constructed in this paper, and the one used in [11] also coincide up to
homotopy, as we explain below. We start by recalling the basic construction from [11].
For a compact Lie group G, the orbit categoryOp(G) is a category whose objects are G-orbits
G/P , where P  G is a p-toral subgroup, and whose morphisms are G-maps G/P → G/Q.
The morphism set MorOp(G)(G/P,G/Q) can be identified with the fixed point set (G/Q)P .
We call this category “the group theoretic orbit category of all p-toral subgroups of G.” Let
Or (G) ⊂Op(G) denote the full subcategory whose objects are orbits G/P , where P G is a
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def= NG(P )/P
is finite and p-reduced. There is a functor
Φg :Or (G) → Sp,
which takes an orbit G/P to the homotopy orbit space (G/P )hG
def= G/P ×G EG, and a G-map
G/P → G/Q to the induced map. Furthermore, the obvious natural transformation from the
forgetful functor Or (G) → G-Sp to the constant functor with value a point induces a natural
transformation ξ :Φg → BG. Thus one gets a map
ξ∗ : hocolimOr (G)
Φg → BG,
which by [11] is a mod-p equivalence.
If G is a compact Lie group and π0(G) is a finite p-group, then G∧p is a p-compact group
with classifying space B(G∧p)  (BG)∧p . The orbit category, as defined in this paper, is called
“the homotopy theoretic orbit category of all p-toral subgroups of G.” Our aim is to show that
the group theoretic orbit category of p-radical subgroups of G is equivalent to the orbit category
of radical subgroups of G∧p . We will also observe that this claim fails if one does not restrict to
p-radical subgroups.
Let
ϕG :Or (G) →Op
(
G∧p
)
be the functor taking an object G/Q to the p-compact toral subgroup (Q∧p, ιQ), where
ιQ :BQ
∧
p → BG∧p is the p-completion of the map
BQ  (G/Q)hG → ∗hG = BG.
For a morphism G/Q a−→ G/Q′ in Or (G), ϕG(a) is defined to be the homotopy class of the
induced map.
The proof of the following proposition is given later at the end of the appendix.
Proposition B.1. Let G be a compact Lie group such that π0(G) is a finite p-group. Then, the
functor ϕG takes values in Or (G∧p) and
ϕG :Or (G) →Or
(
G∧p
)
is an equivalence of categories.
Let Φ :Or (G∧p) → Sp be any subgroup decomposition functor, and consider the composite
functor Φ ◦ ϕG on Or (G). By Proposition B.1, Or (G) can be identified with Or (G∧p), and the
functors (Φg)∧p and Φ ◦ ϕG are clearly subgroup diagrams on it. By Proposition B of the Intro-
duction, these two functors are naturally homotopy equivalent. Hence, one obtains a homotopy
equivalence
hocolim
r
(Φg)
∧
p  hocolimr Φ ◦ ϕG.O (G) O (G)
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the p-completed classifying spaces of appropriate Lie groups, coincides with the Jackowski–
McClure–Oliver decomposition, up to p-completion.
The following two lemmas are needed for the proof of Proposition B.1. Recall that a p-toral
group is an extension of a finite p-group π by a torus T = (S1)n for some n 0. A space X is
said to be p-good if the completion map X → X∧p is a mod-p equivalence.
Lemma B.2. Let Q be a p-toral compact Lie group and K a p-good finite Q-complex. Then,
(KQ)∧p  (K∧p )h(Q
∧
p )
.
Proof. By the generalized Sullivan conjecture for p-toral compact Lie groups [14], the map
KQ → (K∧p )hQ is a mod-p equivalence. Hence, we have to show that (K∧p )hQ  (K∧p )h(Q
∧
p )
. As
homotopy fixed point sets, these spaces are given as the fibre of the left and right vertical arrows
in the diagram
Map(BQ, (K∧p )hQ){id}
l∗
π∗
Map(BQ, (K∧p )h(Q∧p )){l}
π∗
Map(BQ∧p, (K∧p )h(Q∧p )){id}
l∗
π∗
Map(BQ,BQ)id
l∗ Map(BQ,BQ∧p)l Map(BQ∧p,BQ∧p)id,
l∗
where l denotes the completion map BQ → BQ∧p , and the map π denotes, in each case, the
map induced by the projection from the homotopy orbit space to the respective classifying space.
Since (K∧p )h(Q∧p ) and BQ
∧
p are p-complete, both arrows marked l∗ are homotopy equivalences,
and so the homotopy fibres of the right and middle vertical arrows are equivalent. The left square
arises by applying the functor Map(BQ,−) to a pull-back diagram and is therefore itself a pull-
back diagram. This shows that homotopy fibres of all vertical arrows are homotopy equivalent
and finishes the proof. 
Lemma B.3. Let G be a compact Lie group such that π0(G) is a finite p-group. Let (Q,β) be
a p-compact toral subgroup of G∧p , which is either finite or radical in BG∧p . Then there exists a
p-toral subgroup P G and a mod-p equivalence h :BP → BQ such that the diagram
BP
BιP
h
BG
BQ
β
BG∧p
commutes up to homotopy, where P ιP−→ G is the inclusion.
Proof. If Q is a finite p-group, then Map(BQ,BG∧p)  Map(BQ,BG)∧p (see for instance
[2, Proposition 2.1]). In particular both sides have the same path components, and the compo-
nents in the right-hand side are given by Rep(Q,G) def= Hom(Q,G)/ ∼, where the equivalence
relation is given by conjugation in G. Thus let Q ϕ−→ G be a homomorphism, such that Bϕ  β ,
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Q → P ). Then the statement holds for P and h.
Let G be a compact Lie group with π0(G) a finite p-group. Let Op(G) denote the maximal
normal p-toral subgroup of G, and let G denote the quotient group G/Op(G). (Notice that
Op(G) exists, since it can be taken to be the intersection of all Sylow subgroups of G.) Then G
contains no normal p-toral subgroup, and in particular its center contains no such subgroup. On
the other hand, since Z(G) is an abelian compact Lie group, it is isomorphic to a product of a
torus and a finite abelian group. Hence, Z(G) is a finite group of order prime to p. Notice also
that π0(G) is a finite p-group, since G is a quotient group of G. Thus G∧p is a p-compact group,
and since Z(G) is a finite group of order prime to p, G∧p is center-free. By Proposition 4.2, there
is a 1–1 correspondence between isomorphism classes of p-compact toral radical subgroups of
G∧p and those of G∧p (considered as objects of the orbit category in both cases). Hence, it suffices
to prove the claim for compact Lie groups whose center is a finite group of order prime to p.
The claim is obvious if G is p-toral, since the only radical subgroup of G∧p in that case is
G∧p itself. The proof now proceeds by induction on the order. Let G be an arbitrary compact
Lie group such that π0(G) is a finite p-group. Assume the lemma holds for all compact Lie
groups H , satisfying the same condition, and such that |H |  |G|. We must show that it holds
for G.
By the discussion above, we may assume that Z(G) is finite of order prime to p. Thus G∧p
is a center-free p-compact group. Let Qβ G∧p be a radical p-compact toral subgroup, and let
E(Q) be the maximal central elementary abelian subgroup in Q. Since E(Q) is a finite p-group,
we may assume by the discussion above that E(Q) is a p-subgroup of G. Since
CG
(
E(Q)
)∧
p
 Ω(Map(BE(Q),BG)inc
)∧
p
 Ω(Map(BE(Q),BG∧p
)
inc
)= CG∧p
(
E(Q)
)
,
and since Q  CG∧p (E(Q)) is radical there by Lemma 3.11, it suffices to prove the claim for
CG(E(Q)). But since Z(G) is finite of order prime to p, |CG(E(Q))|  |G| and the claim follows
from the induction hypothesis. 
Proof of Proposition B.1. Fix a compact Lie group G with π0(G) a finite p-group. For radical
p-toral subgroups Q,Q′  G, the fixed point set (G/Q′)Q is finite or empty. Hence there are
homotopy equivalences
(G/Q′)Q  (G/Q′)Q∧p 
(
(G/Q′)∧p
)h(Q∧p ),
where the second equivalence follows from Lemma B.2. This shows that Q  G is radical if
and only if Q∧p  G∧p is radical, and so the functor ϕG takes values in the category Or (G∧p).
Furthermore, since the morphisms in the respective categories are the path components of the
left- and right-hand sides of the spaces in the equation above, ϕG induces an isomorphism on
morphism sets. It is also clear that ϕG is an injection on isomorphism classes of objects, and
by Lemma B.3, it is also an epimorphism on the isomorphism classes of objects. Thus ϕG is an
equivalence of categories as stated. 
We end this appendix with the observation that Lemma B.3 (and hence our argument in the
proof of Lemma B.1) fails if one does not require that the subgroup Qβ G∧p is either finite or
radical.
534 N. Castellana et al. / Advances in Mathematics 216 (2007) 491–534Remark B.4. Let G def= S1 × S1, let α,β ∈ Z∧p be units, and let f : (BS1)∧p → BG∧p be a map
induced by the monomorphism Z∧p
(α,β)−−−→ Z∧p ×Z∧p , sending 1 to (α,β). If Lemma B.3 held with
respect to this setup, it would mean that there is a map g :BS1 → BG and a mod-p equivalence
h :BS1 → (BS1)∧p , such that g∧p  f ◦ h∧p . But g must be induced by a monomorphism Z (a,b)−−−→
Z×Z, sending 1 to the pair (a, b) for some integers a, b, whereas h is induced by multiplication
by some p-adic unit u. An easy calculation now shows that α
β
= a
b
, and since the right-hand side
is a rational number, there are clearly choices of α and β , where this equation cannot hold. Thus
the lemma fails in this case.
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